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THE MEAN-FIELD LIMIT OF THE LIEB-LINIGER MODEL

MATTHEW ROSENZWEIG

ABSTRACT. We consider the well-known Lieb-Liniger (LL) model for N bosons interacting pairwise on
the line via the J-potential in the mean-field scaling regime. Assuming suitable asymptotic factorization
of the initial wave functions and convergence of the microscopic energy per particle, we show that the
time-dependent reduced density matrices of the system converge in trace norm to the pure states given
by the solution to the one-dimensional cubic nonlinear Schrédinger equation (NLS) with an explict rate of
convergence. In contrast to previous work [3] relying on quantum field theory and without an explicit rate,
our proof is inspired by the counting method of Pickl [53, 54, 55] and Knowles and Pickl [40]. To overcome
difficulties stemming from the singularity of the d-potential, we introduce a new short-range approximation
argument that exploits the Holder continuity of the N-body wave function in a single particle variable. By
further exploiting the L2-subcritical well-posedness theory for the 1D cubic NLS, we can prove mean-field
convergence assuming only that the limiting solution to the NLS has finite mass.

1. INTRODUCTION

1.1. Background. The Lieb-Liniger (LL) model describes a finite number of bosons in one dimension with
two-body contact interactions. Formally, the Hamiltonian for NV bosons is given by

N
(1.1) Y -Aite Y (X - X;),

i=1 1<i<j<N
where —A; denotes the Laplacian in the i-th particle variable z; € R, 6(X; — X;) denotes multiplication by
the distribution é(z; — x;), and ¢ € R is the coupling constant determining the strength of the interaction
and whether it is repulsive (¢ > 0) or attractive (¢ < 0). The LL model is named for Lieb and Liniger,
who showed in the seminal works [43, 42] that when considered on a finite interval with periodic boundary
conditions, the model is exactly solvable by Bethe ansatz.! While it was originally introduced as a toy
quantum many-body system, the LL model has since attracted interest from both the physics community
[49, 52, 16, 34, 44, 50, 15| and the mathematics community [45, 63| in modeling quasi-one-dimensional
dilute Bose gases which have been realized in laboratory settings [14, 57, 67, 22|.

In applications, the number of particles N is large, ranging upwards from N = 103 in the case of very
dilute Bose-Einstein condensates. For large IV, it is computationally expensive to extract useful information
about the time evolution of the system directly from its wave function. Thus, one seeks to find an evolution
equation, for which one can more efficiently extract information, that provides an effective description of
the N-body system for large values of N. To obtain nontrivial dynamics in the limit as N — oo, we
consider the mean-field scaling regime, where the coupling constant ¢ in (1.1) is taken to be equal to k/N
for k € {£1}, so that the Hamiltonian becomes

N
K
(1.2) Hy = Z —Ait Z §(Xi — Xj),  wme{xl}.
=1 1<i<j<N
Note that the mean-field scaling is such that the free and interacting components of the Hamiltonian H p
are of the same order in N. By means of quadratic forms (e.g. [56, Chapter X]|, [3, Section 3|), the

expression (1.2) can be realized as a self-adjoint operator on the Hilbert space Lgym(RN ) consisting of

1Bethe ansatz refers to a method in the study of exactly solvable models originally introduced by Hans Bethe to find
exact eigenvalues and eigenvectors of the antiferromagnetic Heisenberg spin chain [5]. For more on this technique and its
applications, we refer the reader to the monograph [25].
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wave functions symmetric under permutation of particle labels. By Stone’s theorem, the corresponding
Schrédinger problem

(1.3)

10:®ny = HyOpN
Pnli—0 = PN

has a unique global solution ®y(t) = e~ P ~,0- Of particular interest are factorized initial data ®n o =
oSN, for o € L*(R) satisfying ||¢o|| r2(r) = 1, which correspond to a system where the N particles are all
in the same initial state ¢g.

In general, factorization of the wave function ®p is not preserved by the time evolution due to the
interaction between particles. However, it is reasonable to expect from the scaling in (1.2) that the total
potential experienced by each particle is approximately described by an effective mean-field potential in
the limit as N — oco. Formally, we may expect that

(1.4) Dy~ N as N — oo,

for some ¢ : R x R — C, in some sense to be made precise momentarily. To find an equation satisfied by
¢ and to give rigorous meaning to the approximation (1.4), we argue as follows. Let ®5 be the solution to
the Schrodinger equation (1.3), and consider the density matriz

(1.5) Uy = |[Pn) (On]
associated to ® .2 We define the k-particle reduced density matriz ’y](\lf) associated to @ by
k
(1.6) YW =Ty NUN  ke{l,...,N},
where Tryyq,. n denotes the partial trace over the coordinates (zg41,...,2n). Using equation (1.3), one

can show that {’y](\]f)}ff:l formally converges, as N — oo, to a solution {4 }72, of the Gross-Pitaevskii (GP)
hierarchy:

k
(1.7) iy ™) = [—ékﬁ(k)] + HZTI'k+1<|:5(Xj — Xk+1),7(k+1)]>,
j=1
where A = Zle A; and [-,-] denotes the usual commutator bracket. It is a short computation that if

the GP solution takes the form v(*) = |¢®F) (¢®*| for every k € N, then the one-particle wave function ¢
solves the one-dimensional (1D) cubic nonlinear Schrodinger (NLS) equation

(i, + A)¢ = k|¢|*¢
®li=0 = Po

Thus, we formally refer to the 1D cubic NLS as the mean-field limit of the LL model.? To rigorously
establish the validity of the mean-field approximation, one needs to show convergence of the k-particle

reduced density matrices 7](\];) to |¢p®F) (¢®*|, as N — oo, in trace norm:

(1.8) . ke {xl}

(1.9) vkeN,  lim Tr |y - [65%) (67| =o.
—00

1.2. Prior results. The subject of approximating the dynamics of Bose gases in the sense of (1.9) dates to
the 1970s and 1980s through work of Hepp [33], Ginibre and Velo [26, 27], and Spohn [65]. After a number
of years of inactivity, this subject exerienced a revival in the early 2000s with work of Bardos, Golse, and
Mauser [4]; Frohlich, Tsai, and Yau [24]; and Erdos and Yau [21]. After a landmark series of works by Erdos,
Schlein, and Yau [17, 18, 19, 20|, an explosion of research occurred for the subject of effective equations
(e.g. mean-field) for quantum many-body systems, with contributions by many authors. As it is not our
intention to review this body of literature and we are exclusively interested here in results pertaining to

2Here and in the sequel, we use Dirac’s bra-ket notation: for f,g,h € L?(R?), the operator |f) (g| : L*(R%) — L?(R%) is
defined by (|f) (g|)h = (g|h) > f. The integral kernel of |f) (g| is f(x)g(z’).

3Just as the LL model is exactly solvable by Bethe ansatz, the 1D cubic NLS is exactly solvable by the inverse scattering
transform [68, 23]; a relationship we discuss in our joint work [46].
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the LL model, we refer the reader to the surveys of Schlein [62] and Rougerie [61], and references therein,
for more discussion on this general subject. We intend no offense by any omissions.

The first result on the mean-field approximation for the LL model is due to Adami, Bardos, Golse, and
Teta [1]. Proceeding by the so-called BBGKY method, which was pioneered by Spohn [65], Adami et al.
show that for each k € N fixed, the sequence {7](\];)}?\,0:1 has a limit point v*) with respect to a topology
weaker than trace norm. They then show that the sequence {’y(k)}z‘;l is a solution to the GP hierarchy
(1.7) with initial datum (|<;589k> ((;ng’szO:l in a certain class akin to the Sobolev space H'. In order to
conclude their proof, they need to show that there can only be one such solution (i.e. prove uniqueness
for the GP hierarchy in the class under consideration), from which the convergence (1.9) follows. However,
they could not prove this uniqueness, and to our knowledge, their argument has yet to be completed. We
remark that the BBGKY approach does not yield a rate of convergence in (1.9) as N — oo and [t| — oo.

Several years later, Ammari and Breteaux [3] revisited the mean-field approximation to the LL model
from the perspective of quantum field theory. Inspired by the approach of Rodnianski and Schlein [58], which
in turn builds on earlier ideas of Hepp [33] and Ginibre and Velo 26, 27|, the authors use the framework of
second quantization and reformulate the problem of mean-field limit for the Hamiltonian (1.2) in terms of the
semiclassical limit for a related Hamiltonian on the Fock space. Through a very technical argument involving
abstract non-autonomous Schrédinger equations, they construct a time-dependent quadratic Hamiltonian
which provides a semiclasical approximation for the evolution of coherent states. Borrowing an argument
from [58], they are able to show the convergence (1.9) from their approximation result for coherent states.
We note that the authors do not provide a rate for the convergence (1.9) in terms of N and t.

Lastly, we mention the works [2, 11, 48|, which treat the derivation of the 1D cubic NLS from a many-
body problem similar to (1.2), but with the J potential replaced by a less singular potential of the form
Vy(z) == NPV (NPz), for varying 0 < 8 < oo.

1.3. Overview of main results. Having introduced the LL model in the mean-field regime and reviewed
prior work, we now state our main results. To the state the theorems, we introduce the notation Sy (P .0, ¢o)
for a functional defined in (1.16) below that measures the initial purity of the condensate. We also introduce
the microscopic energy per particle and the NLS energy respectively given by

1
(1.10) Ey = ~N (ONIHNON) 2@y
K
(1.11) E? = ||Vo|Tam) + §”¢Hi4(R)‘

Our first theorem provides a quantitative rate of convergence to mean-field dynamics in both the repulsive
and attractive settings, assuming the limiting state ¢q is in H%(R).

Theorem 1.1 (Main result H?). Fir x € {£1}, and let ¢ be the solution to (1.8) with initial datum
¢o € HA(R), such that || ol r2r) = 1. Let @ be the solution to (1.3) with initial datum ®n € H'(RY) and
[P0l L2y = 1. There exists an absolute constant C > 0 such that for every N € N and k € {1,..., N},

(1.12)
Tri, 18 (8) = 165) (6551 (1)

2
< OV (@ oo+ 2 (100 L0 gy o) )t

for every t € R. In particular, if BN (PN, Po) — 0 and Ej{\), — E? as N — 0o, then mean-field convergence
holds.

Remark 1.2. The obvious example of N-body initial data to consider in Theorem 1.1 is ®n o = ¢6®N , for
which it is an easy calculation to show that Sy (®n,0,¢0) = 0 and EY — E¢ = O(1/N). With a bit more
work, one can allow for initial data ®y o with two-body correlations on a length scale vanishing as N — oo.

By further exploiting the L2-subcritical well-posedness of the 1D cubic NLS (see Proposition 2.4), we
can show that mean-field convergence still holds assuming only that the limiting one-particle initial state
¢ € L?*(R), provided that we restrict to a smaller class of N-body initial data. To our knowledge, this is
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the first time such a result has been shown. We have not stated the following theorem under the optimal
class of N-body initial data that can be considered, so as not to overly complicate the statement. But an
examination of the argument in Section 4 will show the interested reader how to allow for more general
N-body initial data.

Theorem 1.3 (Main result L?). Fiz x € {&1}, and let ¢ be the solution to the NLS (1.8) with initial
datum ¢o, such that ||¢oll 2y = 1. Let @ be the solution to (1.3) with initial datum

(P<(iog Nyn®0)*Y

(113) (I)N,O = )
HPS(logN)’?(bOng(R)

for fited 0 < n < 1/4. There exists an absolute constant C > 0 such that for every N € N and k €
{17 R 7N}7

t1/2eCt(log N)4n (log N)n
N1/6

(L14)  Tre, i |70 () — [6%%) (6] (f)‘ = Cﬁ( + ||P>(logN)7I¢0HL2(R)eCt5/2>

for every t € R. In particular, the right-hand side tends to zero as N — 00, locally uniformly in time.

Remark 1.4. The H?(R) assumption on the initial datum ¢q in Theorem 1.1 is consistent with the regular-
ity assumption of Ammari and Breteaux [3]. However, the L?(R) assumption in Theorem 1.3 substantially
improves upon their result by only requiring ¢q to have finite mass. In particular, Theorem 1.3 affirmatively
answers the question first investigated by Adami et al. [1] of whether one can derive the 1D cubic NLS
assuming the limiting state only has finite mass and energy.

Remark 1.5. An examination of the arguments in Section 3 and Section 4 shows that if we replace the
Hamiltonian Hpy in (1.2) with the reqularized Hamiltonian

N
K
(1.15) Hy. = Z —Ai+ Z Vo(X; — X;), k€ {£1},
=1 1<i<j<N
where V is a short-range potential satisfying certain regularity conditions and V. = ¢~V (e~!.), then

choosing ¢ = N~ for some 8 € (0,00), mean-field convergence to the 1D cubic NLS also holds with an
explicit rate of convergence.

We believe that the ideas behind the proofs of Theorem 1.1 and Theorem 1.3 will have applications to
further studying norm approximations (cf. [48]) and higher-order corrections to mean-field theory (cf. [7])
for the Lieb-Liniger and other models involving singular potentials. Furthermore, our results suggest that
the strong regularity assumptions imposed on the initial data ¢g in the derivation of the quantum effective
equations, in particular in the use of Pickl’s counting method [40, 53, 54, 55, 47, 36, 35, 6, 8, 7|, may be
lowered substantially by further exploiting the dispersive properties of the mean-field PDE. We intend to
investigate the validity of this hypothesis in future work, as well as instances outside of quantum many-body
theory where similar analysis may be employed.

1.4. Road map of the proof. We now comment on the proofs of Theorem 1.1 and Theorem 1.3 and
highlight the major difficulties and differences from existing work. Inspired by the method of Pickl [53, 54,
55| and the refinement of this method developed by Knowles and Pickl [40] for derivation of the Hartree
equation in the mean-field limit, our argument is based on an energy-type estimate for a functional Gy,
which gives a weighted count of the number of “bad particles” in the system at time ¢ which are not in the
state ¢(t), where ¢ solves the cubic NLS (1.8). Sx takes the form

— NIk
(1.16) Br (PN (1), 0(t)) = <(I)N(t)‘nN(t)(I)N(t)>L2(RN) =) \/; (N (1) [Pe(t)PN () 2y »
k=0

where @ is the solution to (1.3) and Pg(t) is the projector mapping a wave function onto the subspace of
L2, (RN) of functions corresponding to k of the particles not being in the state ¢(t). See (3.4) and more

sym

4Here, P<,; denotes the Littlewood-Paley projector onto frequencies < M.
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generally Section 3.1 for the precise definition and properties of these projectors. The main estimate for
B is given by Proposition 3.6. We defer the precise statement of the proposition to Section 3.2, but the
estimate controls the evolution of Sy in terms of its initial value up to an error vanishing as N — oo.

To prove Proposition 3.6, we proceed by a Gronwall-type argument. Differentiating Sy with respect to
time and performing some simplifications, we find that there are three terms we need to estimate, the most
difficult of which is

(1.17) Termy = (@n[pip2[(N = 1)Vig, iN]Q1@2®N) ey -

where we have used the notation Vis = §(X; — X2) and Vj‘z’ = |¢(X;)|*>. Here, p; is the rank-one projector
|¢) (#| acting in the x;-variable, and ¢; = 1y — p;, where 1y is the identity operator on L?(RY) (see
Section 3.1 for more details). Vi2(q1¢2®n) and Via(nnq1qa®y), similarly for the other terms, should
be interpreted as elements of H~'(R") and the inner product as a duality pairing. By expanding the
commutator in the definition of Termg and using Lemma 3.5 to shift the projectors Py in the definition of
ny (see Definition 3.2), we reduce to bounding the expression

(1.18) (PN [P1P2V121G2UNPN) 12 (mN) | 5

IN

where Uy = Eszo vn (k)P is a time-dependent operator on Lgym(RN ) such that the coefficients satisfy
vn (k) Snyt(k). See (3.67) for the precise definition of vy and Dy.

In [40], Knowles and Pickl had to contend with an expression similar to Terms but with a much more
regular potential V', which satisfies certain integrability assumptions of the form V € LPo + L. To deal
with their analogue of (1.18), they split the potential into its “regular” and “singular” parts by making an

N-dependent decomposition of the form
(1.19) Vreg = Vl{'V‘SNU}, Vsing = Vl{V‘>NU},

where 1., denotes the indicator function for the set {-} and o € (0, 1) is a parameter to be optimized at the
end. For the singular part, they express the potential as the divergence of a vector field (i.e. V =V -§) and
integrate by parts. Crucially, their integrability assumption implies that |[{]| 2gsv) = O(N =9), for some
0 > 0, which is necessary to close their estimate. For the regular part, the important idea is to exploit the
permutation symmetry of the wave function, since the operator norm of pyp2Vi2¢1¢s is much smaller on the
bosonic subspace Lgym(R?’N ) than on the full space L?(R3V). As the argument is a bit involved, we only
comment that it requires VTQEQ to be integrable.
For V' = (), the Knowles-Pickl argument described above breaks down. While we have the identity

(1.20) i(z) = %V sgn(x),

the signum function is only in L, not in L? as their singular-part argument requires. Additionally, since
§ is only a distribution, we cannot assign meaning to 62 in the regular part of their argument. In fact, the
regular part of their argument is formally vacuous for the ¢ potential.

To overcome the difficulties stemming from the lack of integrability of the J potential, we introduce a new
short-range approximation argument as follows. We make an N-dependent mollification of the potential
by setting

(1.21) Vy(z) == N°V(N%z), Vx € R,
where 0 € (0,1), 0 <V <1, V € C®(R) is even, and Jz dzV (z) = 1. By the triangle inequality, we have
<¢N|p1p2VIZQIQ2V/]\V<I>N>L§N(RN)‘ < ‘(¢N|p1p2(V12 - Va,12)Q1Q2771\v<1>N>LgN(RN)‘

(1.22)
+ ‘<¢N|p1p2Va,12Q1Q2l7}\v<I>N>Lz (Rw)‘ -

IN

Combining the scaling relation

(1.23) /dw\x!l/QVJ(a;) ~ N0/
R
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with fact that the wave function ®y is %—Hélder—continuous in a single particle variable by conservation of
mass and energy together with Sobolev embedding (see Lemma 2.2), we can show that the first term in
the right-hand side of (1.22) is controlled by Sy up to a small error vanishing as N — oco. We can now
estimate the second term in the right-hand side of (1.22) by proceeding similarly as to the aforementioned
Knowles-Pickl argument for the regular part V., of the potential. While ||V /2@y ~ N 7/2_ we are able to
extract sufficient decay in N from other factors to absorb this growth, provided we appropriately choose o.

This mollification idea seems quite powerful, and we expect it to have further application to problems of
mean-field convergence for both quantum and classical interacting particle systems. Indeed, in the recent
work [59, 60] by the author, a similar, but more complicated time-dependent version of our mollification
argument is used to prove mean-field convergence of the Helmholtz-Kirchoff point vortex system to the 2D
incompressible Euler equation with vorticity in the scaling-critical L space.

To extend the above analysis to ¢g € L?(R), as in Theorem 1.3, we introduce another new idea, which is
to exploit the quantitative dependence on the initial data for the mean-field equation itself (i.e. the cubic
NLS).5 The crucial observation for this step is that in the statement of Proposition 3.6, ¢9 € H?(R) can
be arbitrary and similarly for ®xo € H L(RN). Therefore, we have the freedom to mollify the solution ¢
to (1.8) by mollifying the initial datum ¢g, so that it is now in H?(R). This mollification is most easily
accomplished by a high-frequency cut-off ¢ ¢ of the initial datum, leading to

(i0; + Aoy = Klon[PdN
O o = P o = Tomseabe k€ {£1}.
N|t=0 NO = TP dolirm

(1.24)

Here, P<,y) is the Littlewood-Paley projector to frequencies < p(N) and p is a suitable rate function
tending to co as N — oo. Restricting to the 1-particle marginal, we have by the triangle inequality that

(1.25) Te h§ = 16) (6] < Tr h§ = low) (onl] + Trllon) (o] = 16} (@ll.
Since ¢n,0 € H 2(R) with unit L? norm, we can apply Proposition 3.6 to the first term. While

(1.26) 1oN | Lo r2RxR) S lEN0llH2(R) S P(N)?,

we can absorb this growth in N by appropriately choosing p(NN) so that it does not approach infinity too
quickly. We can estimate the second term in (1.25) by using the dependence on initial data estimate of
Proposition 2.4, thereby completing the argument.

1.5. Organization of the paper. We now comment on the organization of the paper. Section 2 is
devoted to basic notation, preliminary facts from functional analysis, and the well-posedness theory of
the 1D cubic NLS. We begin the section with an index of the frequently used notation in the article (see
Table 1). In Section 3, we prove Proposition 3.6, which is the main estimate for the functional Sy and the
main ingredient for the proofs of Theorem 1.1 and Theorem 1.3. As this section constitutes the bulk of
the paper, we have divided it into several subsections beginning with background material for projection
operators in Section 3.1 and continuing with the steps in the proof of Proposition 3.6, the statement of
which is given in Section 3.2. Lastly, in Section 4, we show how to obtain Theorem 1.1 and Theorem 1.3
from Proposition 3.6.

1.6. Acknowledgments. The author thanks Lea Boffmann and NataSa Pavlovi¢ for discussion which
inspired him to revisit the subject of this article and Peter Pickl for helpful correspondence regarding his
method. The author also thanks Dana Mendelson, Andrea R. Nahmod, and Gigliola Staffilani for numerous
discussions on the exact solvability of the LL model and its connection to the integrability of the cubic NLS,
which have informed the presentation of this article. Lastly, the author thanks Avy Soffer for his encouraging
and engaging conversation related to this project. The author gratefully acknowledges financial support
from the University of Texas at Austin and the Simons Collaboration on Wave Turbulence.

5The present idea is to our knowledge novel, but it is worth mentioning that the use of methods inspired by the area
of dispersive nonlinear PDE dates to the important work of Klainerman and Machedon [39]. A non-exhaustive sample of
applications of such methods may be found in the subsequent works [31, 38, 30, 28, 10, 9, 64, 13, 29, 12] and references therein.
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2. PRELIMINARIES

We include here a table of the notation frequently used in the article with an explanation for the notation
and/or a reference to where the definition is given.

Symbol Definition

A<B, A~B There are absolute constants Cy,Cs > 0 such that A < C1B or CoB< A< C:B
Tpy Tijyr (@1, 2k), (Tiy...,®itk), where x; e Rfor j e {1,...,k}orje {i,...,i +k}
dz;,, dgi;Hk dzxy ---dzxy, dx;---drig

N, Ny natural numbers, natural numbers inclusive of zero

LP(RM), || - ||z standard p-integrable function space: see (2.2)

H (RN, || - [ a2+ standard L2-based Sobolev function space: see (2.4)

CTRN), |- llew standard Holder-continuous function space: see (2.5)

(-] L*(R¥) inner product with physicist’s convention: (f|g) = [~ dzx f(zn)9(zy)
() duality pairing

¢l Dirac’s bra-ket notation: see footnote 2

Agf)lk subscript denotes that the operator on L?(R”") acts in the variables (z;,,...,x;,)
PBF k-fold tensor product of ¢ with itself realized as ¢®*(z,) = Hle é(z;), z;, € R¥
Try,.. N trace on L2(R™N)

Trit1,...N partial trace on LQ(RN) over Tpyi,...,TN coordinates

1, 1y identity operator on L?(R) and on L%(RY)

Hy, Hy . LL Hamiltonian and regularized LL Hamiltonian: see (1.2) and (1.15)

P, 4j projectors 1% @ p@ 1V77, 19971 @ ¢ ® 1V 7J: see (3.2)

Py projector onto subspace of k particles not in the state ¢(¢): see (3.4)

7ot operator L2(RN) — L2(RN) defined by [ := SN f(k)Py, for f: Z — C: see (3.6)
nn,my TN, my | functions Z — C and operators L2(RY) — L2(R™): see Definition 3.2

W, v f,v functions Z — C and operators L2(RY) — L2(R¥): see (3.35) and (3.67)

an, BN time-dependent functionals of solution ¢ to (1.8) and ®5 to (1.3): see Definition 3.2
Tn shift operator on CZ: see (3.16)

Ay Laplacian on R*: A, = Zle A,

[-,] commutator bracket: [A, B] := AB — BA

Table 1: Notation

2.1. Function spaces. Fix N € N. We denote the Schwartz space on RY by S(R") and the dual space
of tempered distributions on RY by &'(RYV). The subspace of S(R") consisting of functions with compact
support is denoted by C°(RY). Given a Schwartz function ® € S(RY) and a tempered distribution
T € S'(RY), we denote their duality pairing by

(21) <q>, T>S(RN)—S’(RN) = T(q))

For 1 < p < oo, we define LP(R") to be the usual Banach space of equivalence classes of measurable
functions ® : RN — C with respect to the norm

1/p
2.2) 1] o = ( / dzN@(zN)\p)
]RN
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with obvious modification when p = co. We denote the inner product on L?(R™) by

(23) @) o, = [ oy Flay).

Note that we use the physicist’s convention that the inner product is complex linear in the second entry.
For s € R, we define the Sobolev space H*(RY) to be the completion of the space S(RY) with respect to
the norm

1/2
(24) 90y = ([ denen#IF@EE)

where F denotes the Fourier transform and (z) := (1 + |2|?)"/? is the Japanese bracket. Evidently, we can
anti-isomorphically identify H~*(R™) with the dual space (H*(R"))*. For v € (0, 1), we denote the Holder
norm on RY of exponent v by

[@(z) — @(y)|
(25 LT L 0oy = 18l ) + [
z,yeRN ‘.Z' - y‘
z#Y
Remark 2.1. In the sequel, we generally omit the underlying domain for norms (e.g. we write || - ||z»
instead of || - [ Lr(r~)), as the domain will be clear from context. Similarly, we omit the underlying domain

for the inner product (-|-) and for the duality pairing (-,-). To avoid any confusion, we generally reserve
upper-case Greek letters (e.g. ®, V) for functions or distributions R — C and lower-case Greek letters
(e.g. ¢, 1) for functions or distributions R — C. To emphasize the variable with respect to which a norm
is taken, we use a subscript (e.g. Cy, L2, or L%N).

We record here a partial Hélder continuity result for functions in H'(R™) used in Section 3 for the
N-body wave function ®y.
Lemma 2.2 (Partial Holder continuity). For N € N and any i € {1,..., N}, we have the estimate

(2.6) I®, <Vl ey, e SERY).

N-1.A1/2
(@155—1:Zi41;N (R iCa” (R

Consequently, every element of H*(RY) has a modification belonging to L? (RN-1, C’%i/z(R)).

(E1;i71v£i+1;1\r)

Proof. By considerations of symmetry, it suffices to consider i = 1. Let ® € S(RY), and fix Zo.n € RN,
Define the function

(2.7) Gz, : R = C, Gy (@) = P(z, 29, ), V2 ER.
Applying the fundamental theorem of calculus to ¢, . followed by Cauchy-Schwarz, we obtain that
(2.8) |6y (@) = by )] < |2 = y"? | Vay y l2m), Yo,y €R,

which implies that |¢g, . ¢ 2wy < [V @u, y|lL2(r)- Therefore, we see from the Fubini-Tonelli theorem that

(29 Lo ol agey < [ eI 9, o) = V18030,
The conclusion of the proof then follows from the density of S(RV) ¢ H'(RY). O

2.2. The 1D cubic NLS. We recall some basic facts from the well-posedness theory—in particular the L?-
subcritical nature of it—for the 1D cubic NLS (1.8) that we shall use to prove Theorem 1.1 and Theorem 1.3
in Section 4. The material presented here may be found with more details in [66, Chapters 2 and 3].

Definition 2.3 (Strichartz norm). For 2 < p, ¢ < oo, we say that the pair (p, q) is (Schrodinger) Strichartz
admissible if

(2.10) 2

s
N |
|
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For a interval I C R, we define the Strichartz space S°(I x R) to be the closure S(R x R) under the norm

(2.11) ”¢HSO(IxR) = sup H<Z5”Lng(1xR)-
(p, q¢) admissible

We define N°(I x R) to be the dual norm.

Proposition 2.4. For any ¢g € L*(R), there exists a unique, global solution ¢ € C(R; L*(R)) in the sense
that for any finite T > 0, ||¢||so(—1,7)xr) < 00 and ¢ satisfies the Duhamel formula

¢

(2.12) o(t) = Py — ir / DA (o(0) P o(r))dr,  te[-T,T).
0

and the Strichartz norm growth bound

(2.13) Illsorzym) S ThdollZagm):
Moreover, the solution depends Lipschitz continuously on the initial data: if ¢ and 1) are two solutions, then

CTY/2 2, I, o
(2.14) 16 — Yl rzo,1)xr) S [[9(0) = ¥(0)][ L2 (mye I 5o tompery W0 ([O’T]XR))7

where C' > 0 is an absolute constant.
Proof. We only sketch the proofs of the estimates (2.13), (2.14). By rescaling the solution through
(2.15) oa(t,z) = Ao\t hx) X = [|ooll 72 g)

we may assume without loss of generality that ¢ has unit mass. It follows from Duhamel’s formula, Holder’s
inequality, and Strichartz estimates that

(2.16) [¢llso(-1)xr) < C + T1/2||¢||%0([—T,T}><R)’

where C' > 0 is some absolute constant. So the minimal time 7y > 0 such that ||¢||go((—7, 7, xr) = 2C must
satisfy the lower bound T 2 1. Now given an interval [0,7], for T" > 0, (by time reversal symmetry the
case [T, 0] will follow from our argument), we chop it into ~ T'/Tj subintervals of length ~ Tj. By using
conservation of mass and iterating the argument using (2.16) on each subinterval, we find that

(2.17) l9llso(-1,1)xr) ST
For the dependence estimate, it follows from subtracting the Duhamel formulae for ¢ and v, then applying

Strichartz estimates, followed by Holder’s inequality that
(2.18)

¢
16 = 62 < 1960) ~ 6O zagey + € [ 1605) = 606 la (16 oy + 1 By )
By the Gronwall-Bellman inequality followed by Cauchy-Schwarz,
6(6) = $(®)12(3) < [6(0) ~ $(0)2(aye” 1N 1M

1/2 2 2
(2.19) < [6(0) = ()| 2ye”” " Witz 1 g g0n-m),
which yields (2.14). O

The global existence in Proposition 2.4 is a consequence of the L?-subcritical nature of the local theory
for the equation (i.e. the time of existence depends on |[¢ol[z2(r)) and conservation of mass. In addition
to conservation of energy and momentum, the 1D cubic NLS has infinitely many conserved quantities, a
consequence of its integrability by the inverse scattering transform. In fact, Koch and Tataru [41] and
Killip, Visan, and Zhang [37] have shown that for each s > —1/2, there is a conserved quantity controlling
the H*(R) norm of the solution.

Remark 2.5. By heavily exploiting the integrability of the equation, Harrop-Griffiths, Killip, and Visan
[32] have recently shown that the NLS is globally well-posed in H*(R), for any s > —1/2, in the sense
that the solution map extends uniquely from the space S(R). Note that s = —1/2 is the scaling-critical
regularity for the 1D cubic NLS.
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3. THE COUNTING FUNCTIONAL [y

3.1. Projectors. We first define the projectors underlying the definition of the functional Sy in the state-
ment of the proposition. For ¢ € L?(R), we define the projectors

(3.1) p=19) (o, ¢® =19,
where 1 denotes the identity operator on L?(R). For N € Nand j € {1,..., N}, we define
(32) p;b = 1®j—1 ® p¢ ® 1®N_j7 qj) = 1N — p;b = 1®j—1 ® qd) ® 1®N_j,
where 1y = 12V denotes the identity operator on L? (]RN ). Since 1 = p? + ¢%, it follows that
(3.3) 1y = (0] +af) - (b5 + %),
and therefore

N N .

_ @ ¢ ._ A\ Y P\

(3.4) iv=>pr, Pi= > J]eH @)

k=0 anef0, 1}V j=1

lan|=Fk

We define P,f to be the zero operator on L2(RY) for k € Z \ {0,...,N}. Important properties of the
operators P,f are the following:

(1) P,f is an orthogonal projector on L?(R™N);

(i) PY(L2,,(RY)) C L2, (RY);

(iii) P,f Pl‘z’ = 5MP¢, where §;; is the Kronecker delta function;

(iv) p?,qj’ commute with P,f, for any j € {1,...,N} and k € Z.
To avoid cumbersome notation, we shall now drop the superscript ¢ in the projectors; but the reader should
always keep in mind the implicit dependence on ¢.

Remark 3.1. In the sequel, we frequently use without comment the elementary fact that p;,q; are self-
adjoint and that we have the operator norm identities

(3.5) Ipillzz  vy—rz @) = llgllez @y)—12 @y) =1
Given a function f : Z — C, we define the operator
N
(3.6) F=> fk)Pe =Y f(k)P.
kEZ =0

The reader may check that for f, g : Z — C, we have that E = fg Furthermore, since pj, ¢;, P, commute,
it follows that f commutes with p;,q;, P;. Additionally, if f, g are such that f > ¢g. Then f >g. If f >0,
then we agree to abuse notation by writing

1

Y A and Fl.— -1
(37) SR = e ) and P 3

with the convention that 0 - oco = 0.

Definition 3.2 (Counting functions). Given N € N, we define the functions my,ny : Z — [0,00) by

k | k
(3.8) mN(k;) = leo(lﬁ) and nN(k) = leo(lﬁ), Vk € 7.
With the notation introduced in (3.6), we define the quantities
(3.9) an (P, ¢) = (PN |MNPN) 2 (rN) 5
(3.10) BN(®N, ¢) = (PNIANPN) [2(RNY -

If ®n(t), #(t) are time-dependent, then we agree to use the compact notation ay(t) and By (t).
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Remark 3.3. Since Zi\;o P, = 1y, we have that

(3.11) Zq] ZZQJPk

kGZj 1

By unpacking the definition of Py in (3.4), the reader can check that Z;V: 1 4 Px = kP, which implies that

N
1 k _
(3.12) quj :ZNPk = mN.
j=1 keZ
It then follows from the symmetry of the wave function ® under exchange of particle labels that
1 N
(3.13) ay =~ Z_; (®n]i®N) = (PN|@1PN) -

We record two technical lemmas from [40] of frequent use in Section 3.

Lemma 3.4 ([40, Lemma 3.9]). For any function f :7Z — [0,00), the following hold:

(i)
(3.14) I N3, = <<I>N‘]?QI<I>N> = <<I>N‘fﬂ/11\v<1>1v> ,
N Liy Liy
(i1
(3.15) 1P gyl = (o fnpdy) | < (ox|fantey)
Lin L2, N -1 2y

Given n € N, we define the shift operator
(3.16) Tw:CE = CE (ruf)(k) = f(k+n), VkeZ, feCL

Lemma 3.5 ([40, Lemma 3.10]). Let r € N, and let A") be a linear operator on L
let Q; be a projector of the form

(3.17) Qi =#1- #r,

where each # stands for either p or q. Define the linear operator A( ) = A" @ 1N=" Then for any
function f : Z — C, we have that

(3.18) QA" FQs = Qi AT, Qs

where n == ng — ny and n; is the number of factors q in Q;, for i € {1,2}.

sym(RT). Fori € {1,2},

3.2. Estimate for gy. The workhorse of this article is the following proposition giving an estimate for
the evolution of the functional 8y. The reader will recall that Ef/\’ denotes the microscopic energy per
particle (1.10) and E? denotes the NLS energy (1.11).

Proposition 3.6 (Evolution of Sy). Let k € {£1}. There exists an absolute constant C > 0 such that the
following holds. Let ¢ be a solution to (1.8) with initial datum ¢g, and let ®n be a solution to (1.2) with

initial datum ®no. Then for every N € N,
(3.19)

[ 60132 .
BN(®N(t)7¢(t)) < </8N((I>N,07(Z§O) —I-C’t’( OllH1(R) + 0l H2(R) (Ej{\; _E(b)”(bo”i[l(R))) Cllé ||H2(R)|\

N1/3 N1/2

Rather than prove Proposition 3.6 directly, we prove a similar estimate for the approximation Sy . defined
in (3.21) below. The motivation is largely to avoid awkward notation involving distributions and that the
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validity of Remark 1.5 will become clear from our estimate for Sn . and the analysis in Section 4. Similarly
0 (3.9) and (3.10), we define

(3.20) ane(t) = an(Py(t), o(t)),
(3.21) Bre(t) = Bn (PN (1), (1)),

where @3, is the solution to the regularized Schrodinger equation obtained by replacing Hy in (1.3) with
Hp e defined in Remark 1.5. Using the norm-resolvent convergence of Hy. to Hy (see [56, Theorem
VII.25]) and the following lemma, one can show that ay. — an and By — O, as e = 0T, uniformly on
compact intervals on time. We leave the proof as a simple exercise for the reader.

Lemma 3.7. Let T > 0, and let f : Z — C be bounded. For N € N and € > 0, define the functions
19N779N,E :R—C by

(3.22) On(t) = <<I>N(t)‘f(t)<I>N(t)>L% and Iy o(t) = <<I>§V(t)‘f(t)¢>§V(t)>L% . VteR.

Then for N fized,
(3.23) lim sup [dn(t) —¥(t)| = 0.

=0T |g|<T
Proposition 3.8 (Evolution of fx.). For k € {£1}, we have the estimate

. 16O ey 1 16Oy | 160 | oo
<7 —— 1/2 2
T e e I 7 Ry R AL LA QLIS

00 22yl ey B (1) - (14 1900) 22z ) IV 101 (005 (8 B
for every t € R, uniformly in (¢,0,8) € (0,1) and N € N,

Proof. By time-reversal symmetry, it is enough to consider ¢ > 0. Following the argument in [40, Subsub-
section 3.3.2, pg. 113|, we see that Sy is differentiable and its derivative Sy . is given by

(3.25) BN,azm< > Ve - ZV AN <I>€> ;
1.2

1<2<j<N
N

where we have introduced the notation
(3.26) Veij = Ve(Xi — X;) and V7= |¢(X,)]%.

Using the symmetry of ®%, and ny with respect to exchange of particle labels and the decomposition
1nx = (p1+ q1)(p2 + ¢2), then examining which terms cancel, we see that

. K _
e =3 (o5 ||V = )Vers = NVP - NV i | 0% )
Ey
(3.27) = Term; + Termgy + Termg,
where
(3.28) Term; := 2 Re{m <<I>}:V‘p1p2 [(N —1)Vo12 — NV1¢ - NV2¢, ﬁj\v] q1p2®§V>L2 },
TN
(3.29) Termy = 2Re{m <q>§v(q1p2 (N = )Veo = NV = NV, 73] qlqz@iv>L2 }
TN
(3.30) Terms = Re{m <<I>§V‘p1p2 [(N — V12 — NV1¢ - NVf, 7{]\\7:| q1q2<I>§:V>L2 }
TN

We proceed to estimate Term;, Termo, and Termgs individually. In the sequel, we drop the subscript N, as
the number of particles is fixed. For convenience, we also introduce the notation

(3.31) VO(2) = (Ve x [¢]°) (@) and V= (Vo= |0*)(X;),  Vje{l...,N}.
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Note that by Young’s inequality and ||Vz||;1 = 1, we have the operator norm estimate

(332) |H/5d,)]HL§N—>L§N < ”¢H%g°= Ve > 0, VES {17 s 7N}

Estimate for Term;: We first observe that since ¢g; commutes with V2¢, n and p1, g1 are orthogonal,

(3.33) (0 [pipe [NVS 7| ipo®) | = (@ |pravpe | NV | pa0® ) =0
L2, \_/0 .
ZN

Since paVz 12p2 = V¢1p2, it follows that

&,

|Term; | < '<<I>E‘p1p2 [(N 1)V — NV1 , }q1p2¢5>

LéN

(3.34) - ‘<<1>E

p1p2<(N nv2, NV1>(ﬁ—(a))q1p2<I>a>L2

ZIN

9

where the ultimate equality follows from an application of Lemma 3.5. Define the function
(3.35) w:Z — R, w(k) = N(n(k) — (t—1n)(k)), Vk € Z,

and observe that

VN 1so(k) <n k), VkeZ.

(3:36) ulk) = VE+1so(k—1)Vk—1

So by the triangle inequality,

| Term; | < (IDE

1
~ N

(3.37) || VERG® ||z + IV = V)@@ |z,

plpz‘/:?lﬁQ1p2‘I>€>L2 ‘ + ‘<‘I>€

N

p1p2(Vf1 - V1¢)/7Q1P2CI>€>L2

N

where the ultimate inequality follows from Cauchy-Schwarz and || ®¢|| 2, = 1. By translation invariance of

Lebesgue measure and [ dyVz(y) = 1, for any = € R,
(3.38)

(Ve # 16P)( H—{/@v (16— )P — o))

SAWWMWWWWWS&WMQQ
where the ultimate inequality follows from dilation invariance of Lebesgue measure. Hence,

(3.39) I(Ve % 161) = 6P llge < € 2N1812,. = V2 =Vl 1z, < e 21122

Using the preceding operator norm estimate together with (3.32), we obtain that

161172
— telol

01/27

1917 o _
(3.40) (3.37) < (T + 21002,z | 1@ lrz, <

where the ultimate inequality follows from the bound (3.36) for u and an application of Lemma 3.4(i)
together with recalling that 72 = m. Thus, we conclude that

”¢H%°° 1/2 2
(3.41) [Termy| € =5 + /(|12 172

Estimate for Termsy: Arguing similarly as in (3.33), we see that

q1p2 {Vfb, ﬁ} Q1Q2¢€>L =0.

2

(3.42) <<1>€
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Therefore,
2| Termy| = <<I)€ q1p2 {(N — 1)V — NVfﬁ} Q1Q2<I)€>L2
N
N -1 ~
= <<I>E q1p2<( N )V;,lz—Vf>uq1q2<I>€>
L2
TN
(3.43) < [(@%|q1paVe 12fiq1 g2 ®%) 2 |+ |( OF|qipa Vi Tign @2 ®®) |,
TN L2
z 2.

=:Terma 1 —Terms o

where to obtain the penultimate equality have used Lemma 3.5 and introduced the notation p from (3.35)
and to obtain the ultimate equality we have used the triangle inequality.
We first consider Termg 9. By Cauchy-Schwarz together with the estimate (3.32),

(3.44) Terms» < HQ1(I)€HL§NHP2VQ¢//JQ1Q2@€”L§N < ®°[lzz  ll70e g a2 1z -
By Remark 3.3 and Lemma 3.4(ii), respectively, together with the p bound (3.36), we have that
(3'45> HQ1(I>E”L2N <Vaes S vy Be and HﬁQ1Q2(I)€”L2N 5 /Ba'
Therefore,
(3.46) Termy s S |17z e
We now consider Termg ;. It follows from the identities (1.20) and § * V. = V. that
1
(3.47) Vo= §V(sgn *Vz).
We introduce the notation X, 12 == (sgn *V.)(X1 — X2). Note, ||Vz[z1 = ||sgn ||z = 1, so that
1
(3.48) [ Xenallpz -2 < 3
Integrating by parts and applying the product rule and triangle inequality,
(3.49)

Termy ; < <V1Q1p2@€’Xa,l2ﬁQ1Q2(I)€>L§N‘ + ‘(‘I)eIQ1P2X5,12V1/7Q1Q2@6>L2N =: Termg 11 + Termy 1 2.
By Cauchy-Schwarz and the estimate (3.48),
(3.50) Termg 11 < [[Vigip2®°llrz [#g142®%( 12
so by application of the second estimate of (3.45) and Hp2HL§N—>L§N =1,

(3.51) Termy11 S IVir @z v/ Be-

Next, we write 1 = p; 4+ q1 and use the triangle inequality to obtain

(3.52) Terma 1 2 < ‘(p2q1<1>5|X€,12p1V1ﬁq1q2<I>E>L§N‘ + ‘<p2Q1q>€|Xe,12Q1V1/7Q1Q2<I>€>L§N
By Lemma 3.5, we have the operator identity
(3.53) piVifign = pr(rp)Vigr.
Hence,

‘(p2Q1@5\X5,12P1V1ﬁQ1Q2<I)€>L§N‘ < HXa,12P2Q1‘I>€HL§N le(n/;)qulqulfHL;N
(3.54) < @9z, () V10102913 -

By Remark 3.3, H‘J1<I>EHL§N < /.. Now using the p bound (3.36), we have that
(3.55) () (k) Sn~Hk+1) Sn k), VkeZ
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Combining this estimate with the symmetry of ®¢ under permutation of particle labels, we find that

H(Tlu)vlqwz‘I’EHL;N S \/(V1Q1q’a\ﬁ_2V1Q1Q2q’a>L§N

N
1 —~
(3.56) =\ v_1 > (Via12[gn=2Viq129) 2 -
i=2 B
Since the projector ¢; commutes with 72 and 72 > 0, we have that

(3.57) <V1Q1¢€|Q1ﬁ_2V1Q1>L%N = <q1V1q1<I>€!ﬁ_2q1V1q1<I>E>L%N >0,

so that by Remark 3.3 and the identity n? = m,

N N
ﬁ > (Vi g2 Vi1 ®9) 2 S %Z (Vi1 @[gn=2Vig1 ®%) 1z
=2 =1
= \/<V1q1®€]ﬁ—2ﬁ2vlq1©€>L§N
(3.58) = Vi ®°lz -
After a little bookkeeping, we find that
(3.59) <p2Q1q>€|X5,12P1V1l7Q1Q2<I>5>L§N‘ S \/@HVM&)&HL;N-
Again by Lemma 3.5, we have the operator identity
(3.60) a1Vipg = Vi,
and proceeding similarly as immediately above, we find that
(3.61) (P2Q1<I>€\Xa,12Q1V1ﬁQ1Q2<I>€>L§N‘ < \/EHVMl(I’gHLgN,
and therefore
(3.62) Termy 1z S Vi1 @Iz /5.
Together the estimate (3.51) for Terms ; 1, we obtain that
(3.63) Terma1 S | Vig1®% sz VB
Collecting the estimates (3.63) for Terms ; and (3.46) for Terms o, we conclude that
(3.64) Termy < ||6[|72 5= + Vi1 ®®|zz VBe.

Estimate for Terms: We now consider Termgs, which is the most difficult portion of the analysis. We first
note that by arguing similarly as in (3.33), we see that

(3.65) p1p2 [Vfb, ﬁ} q1q2 =0 =p1p2 [Vf, ﬁ] 12,
where the reader will recall the notation Vj¢ introduced in (3.26). Therefore,

| Terms| < ‘@5\111172[(]\7 - 1)‘/},12,?1\]Q1Q2(1)€>L3N‘

(3.66) = % <<I>E(p1p2NV€,12 <ﬁ - (7—2\n> Q1<Z2<I>E>

)
LéN

where the ultimate equality follows from unpacking the commutator and applying Lemma 3.5. Analogously
to the function p defined in (3.35), we define the function

(3.67) v:Z —R, v(k) == N(n(k) — (—2n)(k)), Vk € Z.
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It is a straightforward computation from the definition of n in Definition 3.2 that

2V N
3.68 v(k) = 1so(k), VkeZ,
(369 W = v =™
which implies that
(3.69) v(k) <nYk), VkeZ.

We now introduce an approximation of the pair potential V. as follows. Define V,(z) := N"f/(N":E),
where o € (0,1) is a parameter to be specified momentarily and V' is a standard mollifier. We convolve V.

with V, to define
(3.70) Veo =Vex Vo and Voo = Voo(Xi — Xj), V1<i<j<N.

By the triangle inequality,
(3.71)

(<1>€|p1p2V5,12ﬁQ1Q2(I>€>L§N‘ ‘(‘P Ip1p2 (Ve 12 — %,o,lz)ﬁQ1Q2q’€>L%N‘+‘(<I>€|p1p2%,o,125Q1Q2<1>5>L%N

=:Termgs,1 =:Termgs 2

Observe that by moving p1ps over to the first entry of the inner product, writing out the convolution implicit
in V; 5,12, and using the Fubini-Tonelli theorem, we have that

(O p1p2 Ve 01201 42 P° >
/dyV / dzy,5Ve(z1 — x2 — )/ dﬁs;N((p1p2<I>€)(ﬁql<J2<I>e))($1,$2,£3;N)
RN-2
— [awVetw) [ oVl a2 =) [ | dog (o0 0000 1,22, 250)
R R2 RN-2
- <(p1p2<1>5)(5Q1Q2<1>6)) (1,22 + y,zg;N))

(3.72)
+ / dyVa(y)/ dzqoVe(r) — 22 — y)/ dzs, N ((p1p2®5)(9q1q2<1>6)> (z1,22 + ¥, 23.x)-
R RZ RN—2

By translation invariance of Lebesgue measure applied in the xo-coordinate, we have that for any y € R,

dgl;zVe(:El ) /N . dzrs. N ((p1p2q)€)(ﬁQ1Q2q)€)> (21,22 + ya&?,;N)

RZ

:/ dzy.0Ve(z1 —962)/ d&g;N«plpz‘I’E)(ﬁqwz@e))(961,962,&3;]\/)
R2 RN-2
(3.73) = (¢€!p1p2%,129Q1Q2<I>5>L%N :

where the ultimate equality follows from using the Fubini-Tonelli theorem and the self-adjointness of pps.
Since [ dyV,(y) = 1, we conclude that

/dyV / dzy.oVe(z1 — 22 — )/ 2dzg;N<(p1p2<I>€)(ﬁq1q2<I>a))(:E1,:L"2+y,£3;N)
BN

(P°|p1p2 Ve 120q1 g2 P° >

(3.74)

Next, we have by definition of the Holder norm in the xs-coordinate that

sup ( ((p1p2<1>€)(ﬁq1Q2<1>5)>(x1,w2,£3;N) - <(p1p2<1>5)(ﬁq1q2<1>5)) (71,29 + y,zg;N)‘
To €

(375> < ”(ppoCI)E)((L'l, ) z?);]\f)HC’Q%Q ”(/V\Q1QQ<I>€)(‘£17 '7£3;N)”C';é2 ’y‘1/27
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for every y € R and almost every (r1,23.y) € RN=1. So by the Fubini-Tonelli theorem, followed by using
the translation and dilation invariance of Lebesgue measure and then Cauchy-Schwarz, we find that

/dyVa(y)/ dzy.oVe(zy — 22 — y)/ dzs. ‘((p1p2@6)(DQ1Q2(I>E))($17$27£3;N)
R R2 RN—Q

— ((plpz@a)(QmQﬂe)) (z1, 72 +y,23.N)

S/ dxldzg;N<||(p1p2<I>E)(:E1,',zg;N)Hcl/zH(ﬁq1q2<1>€)(x1,-,gg;N)llcl/z
RN-1 z2 2

X </R dy|y|1/2Vo(y)/RdiE2V}(fE1 — T2 — Z/)) )

§N70/2

—a/2 € N €
(3.76) SN ||p1pgq) ||L§2;NC;{2HVqlq2q> HL%Q;NCUZ’

1

where in the ultimate inequality we use the symmetry of ®. to swap x; and x5 in order to ease the burden
of notation. By Fubini-Tonelli, Cauchy-Schwarz, and the normalization ||¢|[z2 = 1, we have the estimate

(3.77) lPrp2@Zll vz < lellcarzlP2®lzz, < N6l cye,
where the ultimate inequality follows from the normalization [|®¢|| . L= 1. By Lemma 2.2 and the H'/?* ¢
L*> Sobolev embedding, -

(3.78) ||5Q1Q2<1>€||L§2;NC;{2 S V19292, my S 10a162®% Nz + IViva1a2®°z

where the ultimate inequality follows from splitting the H! norm and Fubini-Tonelli. Using the v estimate
(3.69), Lemma 3.4(ii), and the identity m = n?, we see that

(3.79) 1P01029% 11, S\ J(@<a—2m202) 1, = [@2|mde) = Vo < /B
N ZN ZIN

Next, inserting the decomposition Vi = p1 V1 4+ ¢1 V1 and applying the triangle inequality,

(3.80) \|V15Q1Q2<I>E||L§N < ||p1V13<J1Q2<I>EHL§N + ||Q1V15Q1Q2<I>E||L§N-
Since p1V1 = —(|¢) (Vé|)1,
(3.81) IP1Vivgga®©llz < IVOll2 [Pa1e2® 2 S IVElLz v/ B,

where the ultimate inequality follows from the estimate (3.79). By Lemma 3.5 followed by using the v
estimate (3.69),

(3.82) 161 ViPq1@29% Iz - = 017 V1g1g2®%[| 2 S \/<V1Q1<I>E|Q2ﬁ_2V1Q1<I>E>L3N,

and arguing as for the estimate (3.58), we find that the right-hand side is < ”Vl‘h‘pEHLgN- Therefore,

(3.83) HﬁCJ1Q2q>€HL§2;NC;{2 S (14 11VllL2) V/B- + Vi ®®llzz < 11272 v/Be + IVigr®®|zz -

Collecting the estimates (3.77), (3.83) and applying Young’s inequality for products, we see that

(3.84) N_U/2\|p1p2q)€\|L§2;Nc;{2HﬁQ1Q2¢€||L§2;NC;{2 SN+ H¢||2C;/z 1171 B + ||¢H2C;/2HV1<]1<I>€||%§N-
After a little bookkeeping, we conclude that

(3.85) [ Terms 1| S N7 + 1002 M1z B + 1012 Vi@ ®€7s

leaving us with Terms o.
For Terms 2, we borrow an idea from [40] and introduce a partition of unity as follows. Let Y, x(
Z — [0,00) be the two functions respectively defined by

(3.86) XD (k) =1 ps(k), xP(k) =1 xV(k) =1 p1s(k), Vke

2) .
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where 6 € (0,1) will be optimized at the end. Trivially, we have that xU) € {0,1}%, so that (x)(k))? =
XD (k), and xM (k) + x@ (k) = 1. We insert this decomposition into the expression for Terms o and use
the triangle inequality to obtain

(3.87) | Terms.o| < ‘<<I>€‘plpgve,o’lgl/)x(l)qlng)e>L2 + ‘< : 5,0,12ﬁx<2)q1q2<1>€> 2
TN N
=:Terms 2 1 =Termgs, 2,2

We consider Terms 21 and Terms o 2 separately.
For Terms o 1, we want to use the fact that the operator norm of p1p2V; 512¢1¢2 is much smaller on the
bosonic subspace L2, (RY) than on the full space L?(R"). Accordingly, we symmetrize the expression

P2Ve 5,12q2 to write

sym

1

Term3’271 = ﬁ <¢€

N
Z pline,o,li(]iQIX(l)’/JQI(I)€>
1=2 L2

N
1 o ~
(3.88) < —_1H § X(l)%mVa,a,lipiplq’aHL;NHVQ1<I’aHL;N
i=2

where the ultimate line follows from Cauchy-Schwarz. We claim that ||vg; ®¢|| L2, < 1. Indeed, by the v
bound (3.69) and Lemma 3.4(i), B

(389) H/V\qlq)auLiN — \/<®€’ﬁ2Q1®€>L§N S \/<®€’ﬁ_2m¢€>L§N = 17

—9 —

since n? = m and H(I>€HL%N = 1. Now expanding the LiN norm and using that (1) = y(1), we see that

<‘I"E plpz"/},a,1¢Q1qz’X(l)Q1qj‘/},a,1jpjp1q)€>L2

2 zN

(o

N

| ZX(l)QiQ1Va,a,1ipip1<I)€HL;N =
i=2

.MZ

.

J

pline,o,li(JI(]iX(l)QIQZ'Ve,o,lipiplq)E>

-

~
||
N

2
LzN

—VB

(3'9()) Z <(I)6 p1pi Ve ,0, 1ZQ1QZX( )Q1QJVE o 1jpjp1q)e>L2
2<i#j<N ZN

=VA

)

where the ultimate inequality follows from the embedding ¢*/2 C ¢'. Therefore,

Nl_l(\/éwz).

(3.91) Termz o1 S

We first consider B, which is the easy term. Since ||q1qZX q1q1||L2 NN <1,

N N

(3.92) Z Ve 0,101 ®° HLz = Z <<I>€|p1p,-X/’€27a7lip1p,-<I>5>L%N
i=2 i=2 B

Now by examination of the integral kernel of plpﬂ/gmuplpi,

(3.93)  pipiVi,upipi = (/RQ dyrdy; V2, (g1 — yi)|¢(y1)|2|¢(yi)l2>p1pi = [l[o*(VZ, % 181*) [l L1 p1ps,
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and by Cauchy-Schwarz followed by Young’s inequality,

(3.94) ol (V2,16 ey < USIIZa V2 * 61l 2 < |VeolZ2 6] 2s-
<N°

It then follows from ||®¢|| 2, =1 that
(3.95) B < (N —=1)N||1s-

We proceed to consider A. We first make a further decomposition of A by using that (X(l))2 = yW and
then applying Lemma 3.5 in order to obtain

—_—

A= ) <(I)€‘pline,o,li(h(IiX(l)X(l)QjQIvs,cr,ljpjplq)€>L2
2<i#j<N N

= > <‘I)€ ‘plpiqj(sz(l) We0,1,iVe,0,15 (T2X(1))qipjp1@€>L2
2<i#j<N EN

=A;

o — o —

(3.96) - Z <<I>6 ‘plpin(7—2X(1))V5,cr,1ipl Veo1j(TaxW)gipjp1 <I>€>L2
2<iAI<N in

)

=:As

where the ultimate equality follows from writing ¢; = 1 — py.

—

For A;, we have by the triangle inequality and self-adjointness of (Tgx(l))qj that

—

(3.97) |Ar] < Z ‘<(T2X(1))qu)e‘plpiva,a,live,a,ljpjpl(T2X(1))Qiq)e>
2<iA <N

2
LzN

Using that V; , > 0 and commutativity of point-wise multiplication operators, we can write

(3.98) Veo1iVeo1j = (‘/5,0,12“/},0,19')1/2(Ve,o,uVe,cr,lj)l/2
and then use Cauchy-Schwarz to obtain
(3.99)
‘<(7'2)((1))%(1)5‘plpiva,a,live,a,ljpjpl(T2X(1))Qiq)a>L2 < ”(‘/67071i‘/;7071j)1/2p1pi(7'2)((1))%'(1)5”LEN
TN

X | (Veio1iVera i) 2o (rax V)@ 1z -

From Young’s inequality for products and the symmetry of ®¢ under permutation of particle labels, we

then find that

(3.100) BIN< > <‘I)€ (@)ijlpive,o,livs,cr,ljplpi%(@)¢€>L2
2<iZj<N =y

Next, by computation of its integral kernel, we see that

(3.101) PiVer1iVeo1ipi = Pi Ve * [0)1Ve 015,

and

(3.102) (P1(Vero %1811 Ve0,1501) = p1 (Ve * (|07 (Vo * |¢|2)))j-

By Young’s inequality with ||V ,||,1 = 1, followed by Holder’s inequality, and then another application of
Young’s, we have that

(3.103) I(Vero (181 (Ve # [0 2o < @)1 1Vero # 101220 < [0l Tee
which implies that

(3.104) ||p1ins,a,uVs,a,1jp1pi||L§N—>L§N < H¢||4Lgo-
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Applying this last estimate to the right-hand side of (3.100) and the symmetry of ®¢, we obtain that
(3.105)
A S 1ol Yo 1ot < Nl lmx)a I, < Nglx | (mx a3, .
2<i#j<N N - N

where the ultimate inequality follows by application of Lemma 3.4(i) to the factor ||(rax(™))q1®°|| L2, In
order to estimate the last expression, we claim that -

(3.106) (roxN(E)n(k) < N2, Vked{o,...,N}.
Indeed, recalling from (3.86) that ") = Ion1-s, where 0 € (0,1), we see that

k+2)—2 N1-6 2

(3.107) (raxM) (k) (k) = 1o y1-s (k + 2)150(k) % S leyis (B —— — 7
from which the claim follows. Applying this estimate to the right-hand side of (3.105) leads to the conclusion
(3.108) 41| S N*7)¢l| -
Now using the identity
(3.109) P1Ve01iP1Ve,o1501 = D1 (Ve * [0]2)i (Ve * [6]2)
which follows from examination of the integral kernel, and arguing similarly as for A;, we find that
(3.110) Ao < Voo % 16P2e D Nag(2xM)®% Nz Nlai(roxM)@% Nz S N* @l 1ge-

2<i#j <N B B
Thus, we conclude from (3.108) and (3.110) that
(3.111) Al S N*7| ¢l 70

To conclude the estimate for Terms o 1 defined in (3.87) above, we insert the estimate (3.95) for B and
the estimate (3.111) for A into the right-hand side of (3.91), obtaining

1 I18117:  1oll7e
(3.112) Terms o1 S 57— (/N = DNl0lE, + /N6l ) £ < + o
It remains for us to estimate Terms o o, which we recall from (3.87) is defined by
(3.113) Termsz oo = ‘<<I>€‘plpzva,a,mﬁXQ)Q1Q2‘I>E>L2
zy

Writing 7 = 71/201/2 and using the same symmetrization trick as above, we find that

1
Term372,2 = <q)€

N
Zpline,a,uqiqlx<2>a1/2al/2¢€>
L2

N -1 ,
1=2
N
1 = (2
(3114) < mu/y\l/2q1®€”L2N Z <q)6 plpi‘/a‘,d,liqlqix@)ﬁqlqj‘/;70'71jpjp1@6>L2 )
ij=2 -

where the ultimate inequality follows by Cauchy-Schwarz and expanding the LiN norm of the second factor.
By the v estimate (3.69) together with Lemma 3.4(i),

(3.115) 7207z, =[O0 ;S\ [T S V-

Thus, splitting the sum -, ; = >°;,+>_,; in the second factor of (3.114) and applying the embedding
(Y2 ¢ 01, we obtain that

(3.116) Termg o < N\/E (Va+VB),
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where
(3.117) B = Z <<I>E‘plpz‘Ve,o,u(hqz‘X@)m/e,o,upipﬂ)a>L2 ,
=2 zN
(3.118) A= Z <(I>E‘plpiva,a,lim%x(z)Dija,a,ljpjplq)a>L2 .
TN

2<i# <N

Note that in contrast to the inequality (3.91) for Termgs o1, we have a factor of y/3; in the right-hand side
of inequality (3.116).

We first dispense with the easy case B. We recall from (3.86) that x(®) = 1. y1-s, which together with
the v bound (3.69) implies the estimate

N
(3.119) XP(k)v(k) S 1oyis(k)n~ (k) = 1o p1-s (k)y/ = < N2 VkeZ.
Therefore, we have the LiN operator norm estimate
(3.120) largix®vlle pz SN2 Vie{l,... N},
which implies that
N
(3.121) BE NS [Veguippi@®l3y = (N = DNY2|Vegioprpn® 2,
i=2 a h

where the ultimate identity follows from the symmetry of ®¢. Since by Cauchy-Schwarz and Young’s
inequality,

(3.122) p1p2Veg1omp2 = 161 (V2 * 16 | pip2 € N6l 7ap1pe,

where we also use ||Vzq[2, < N7, we conclude that

(3.123) B S N6,
For the hard case A, we again use Lemma 3.5 as in (3.96) to write A = A; + Ay, where
(3.124) A= )| <<I>E P10iq; (TaXP)(12v) * Ve 10 Ve 0,15 (T2x ) (mov) Qipjplq)a> ;
2<i£j<N LIy

p10iq; (T2XP) (12v) Ve p1i01 Ve o1 (12x@)  (12v) qz'pjp1<1>>

(3.125)  Ap=— <<1>€

2<iAj <N

2
LzN

For Ay, we use that V; ; > 0 to apply Cauchy-Schwarz and exploit the symmetry of ®. under exchange of
particle labels in order to obtain

S

Using the LiN operator norm estimate (3.104), we conclude that

—

—_— —1/2 —1/2 -

qj(r2X) (12v)  p10iVeo1iVeo1i0ip1 (T2X @) (12v) * q;® :
L2
TN

(3.126) A< D

2<iAj<N

—_— —1/2 .
(3127) Al lolie Do Ix®)(mr) T a®fllzy S N@lli (95a%) ;= N[|@ll1z0 e,
2<i#j<N — B

<(o

(/T27)q1<1>5
>L§N

where the penultimate inequality follows from the v estimate (3.69) together with Lemma 3.4(i) and the
ultimate equality is by definition of . (recall (3.21)). Next, using the operator identity (3.109) and arguing
similarly as for Ay in the case of x(!), we also obtain the estimate

(3.128) |A2] S N?|¢l|750 e,
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leading us to conclude that
(3.129) Al S N?[[] g B

Inserting the estimates (3.123) for B and (3.129) for A into the right-hand side of (3.116), we find from
the normalization [|¢||z2 =1 and Young’s inequality for products that

(3130) Termg 2,2 S N\/IB_

1)+6

5 2(c—
(N6l v/Be + N F 500l ) S Iolige e+ N2

Collecting the estimates (3.112) for Terms o ; and (3.130) for Terms 2 2, we find that

2(c— 1)+6

(3.131) Termao| SN2 H¢||L4 + N_§||¢HL°° +Igll7e B + N

Now inserting the estimates (3.85) for Terms; and (3.131) for Terms 5 into the right-hand side of (3.71),
we conclude that

(3.132)
4 2(c—1)+95 1)+(5
[Terms| £ N7+ (812,12 G177 82 + 0122 [V1ian@°|7, +N"2 D6l + NEglFe + N2

where we implicitly use the [|¢[|%,, > 1 by the unit mass normalization.

We are now prepared to conclude the proof of the proposition. After a bookkeeping of the estimates
(3.41) for Term;, (3.64) for Termy, and (3.132) for Terms, we find that

. _ 9l
Pe S — +e'2)9l2, 12 + 6178 + V11 @z v/ tye T 16112,1/2 16133 B

1817 NolFee  20-ns
xX T N 2 X
N(1—0)/2 N9/2

(3.133)

2 12
Vi @
+ H¢||C;/2H 101 ||L§N +

The desired conclusion now follows from Young’s inequality for products, [|¢|[z2 = 1, and some algebra. [

3.3. Auxiliary control. We now estimate the auxiliary quantity ||V1q1®%| L2, appearing in the estimate

of Proposition 3.8 in terms of Sy, N, and (EN]\; — E?). Here, ENa = (@N]HN@CI):?Q is the regularized
microscopic energy per particle.

Proposition 3.9 (Control of [|[V1q195[|7,). For x € {1}, we have the estimate

100 2 )

(bE
(3.134) Vi (®)PN (D 72@ny S ENY — B? + 2S00/ + 160 12 Bnve () + N

for every t € R, uniformly in e >0 and N € N.

Proof. As before, we drop the subscript N, as the number of particles is fixed throughout the proof. We
introduce two parameters k1 € (0,1) and k2 > 0, the precise values of which we shall specify momentarily.
Using the decomposition 1 = pips + (1 — p1p2) and the normalizations H@EHL%N =1=||¢] 12, we arrive at

the identity

6
(3.135) (1—rk)|IV1(1 - plpg)CIfH%gN = FEY —E? + ZTermi,
h i=1
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where
(3.136) Termy := —[|Vapipa®l[7; + VoI,
(3.137) Termg = —kKg (¢€|p1p2<1>€>L%N + Ko,
k(N —1) K. 4
(3.138) Terms = 5N <<I>E\p1p2‘/},12p1p2‘1>5>L5N + §”¢HL;§,
(3.139) Termy := —2 Re{(Vl(l - p1p2)®5\vlp1p2®a>L§N },
k(N -1
(3.140) Terms = —(T) Re{(@ﬂ(l — p1p2)%’12p1p2¢6>L%N },
(N —1
(3.141) Termg := _%Hvsg(l — p1p2)<1>€H%§N —r1]|V1(1 — p1p2)@€H%§N — ka|(1 — p1p2)@5H%§N.

We keep the term E;I’ ° — E?. We want to obtain upper bounds for the moduli of Termy, ..., Terms, and
we want to show that Termg < 0 provided that we appropriately choose k1, ko depending on k.

Estimate for Term;: Since Vip; = (|V¢) (¢|)1, it follows from 1 = ||Q>€||L§N that

(3.142) Term; = ||Vo||72 (1 — <<I>€\p1p2<1)€>L§N> = (9°|(1 — Plp?)@%;]v

Since 1 — p1ps = q1p2 + g2p1 + q1G2, it follows from Remark 3.3 and the triangle inequality that
(3.143) (@°|(1 - p1p2)¢€>L§N < 3a. 5 B,

leading us to conclude that

(3.144) Term; S [|Vo|72 6.

Estimate for Termsy: Using the identity /£2H<I>€H2L§N = ko and the estimate (3.143), we find that
(3.145) Termy = ko (P°|(1 — p1p2)<I>€>L§N S Kafe.

Estimate for Terms: First, observe that

(3.146) p1p2Vigpipe = [|¢lLapipe and  pipaVerapipa = [[[6° (Ve * [6°) || L1p1pa.
So by the triangle inequality,

614,
2

(N B 1) 15 £
N <(I) ‘plpgq) >L§N + 1].

1
(3.147) | Termg| < 3 ‘<@€’plp2(va,l2 - V12)p1p2q)€>L§N‘ +

Since [|®¢[|7, =1, the second term in the right-hand side equals
zy

160174

(3.148) . ‘% (

O p1p2®°)p A (L[(1 = p1p2) @) ps

1
Slolly (5 +6),
where the ultimate inequality follows from the triangle inequality, (®¢|p1pe®°) < H<I>EH%2 = 1, and the

LN
estimate (3.143). Again using that [|®%||;2 = 1, we see that the first term in the right-hand side of (3.147)
zy
is bounded by

1
(3.149) 161 (Ve % 101) = 16P)lzs < 181206

which follows from the estimate (3.39) and [|¢||z2 = 1. Therefore,

1
(3.150) Termsz < 61/2“(15”2*;/2 + H(b”ig <N + ﬁ;)
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Estimate for Term,: By using the decomposition 1 — p1pe = ¢1p2 + ¢2p1 + q1qo, the triangle inequality,
and the fact that [g2, V1] = 0 = gapa, we see that

[Termy| S [{(V1qip2®°|Vip1p2®) 1z + (Viazp1 @[ Vip1p2®T) pp  +(Vig1g2®|Vipip2®) s

=0 =0
(3.151) = [(A 2 0® [ (- A0pipe®®) | |
zN
where the ultimate equality follows from integration by parts and writing 1 = n_l/ 271/2 . The reader will

recall the definitions of n and 7 from Definition 3.2. By Cauchy-Schwarz and ¢ = q1,

<ﬁ—1/2q1<1>e

ﬁl/z(—Al)p1p2<I>€>L2 ‘<||A_1/2Q1‘I)€||L2 lgn > (— A)p1p2®°rz

N

(3.152) < VBl (= A)pip2®° 1z,

where the ultimate line follows from applying Lemma 3.4(i) to the first factor in the right-hand side of the
first line. By Lemma 3.5, we have the operator identity

~1/2 —1/2 —1/2

(3.153) qn/*(=A)pr = (A1) (min) - p1 = q(=A1)pi(min)

So writing ¢ = 1 — p; and using the triangle inequality together with the operator norm estimates
(3.154) I(=ADpillez ~rz, <1Alz and pi(=A0)pillez iz < IVEIIZ:,°

we find that

—1/2 —1/2
@' (=A0)pip2®°llz - < I(=A0pi(min) "~ p2®°liz  + 1 (~An)pi(rin)  p2®la

—1/2

(3.155) < (1180l + IVel3: ) Irm) @)z,
where we eliminate py using ||p2||L32”N_>L%N = 1. Using the embedding ¢/ C £, we see that

k+1 k 1 1
3.156 k)= 1so(k+1) </ —=1>9(k — =n(k — k€ Z.
3156) () =y el + ) g + o =l £ o, ke
By another application of £1/2 (! together with H<I>€HL2 =1,
(3.157) H(Tln) “p° Iz, < VB + N7V
Using Young’s inequality for products and interpolation of H* spaces with [|¢||2 = 1, we obtain that
(3158)  [Terma| 5 (18002 + V8132 ) VB (VB + NV) < ol (8 + N712).

Estimate for Terms: Using the decomposition 1 — pi1ps = p1g2 + pP2q1 + q1g2 together with the triangle
inequality and the symmetry of ¢ under exchange of particle labels, we have that

| Terms| < ‘<‘I’€\p1p2‘/},12Q1p2<1)€>L2 + (®°|p1p2 Ve, 12q2p1(1>€>L2 + (@6\P1p2%,12Q1Q2‘I’€>L5N‘

)

(3.159) ‘@E\plpzva 121p29°) | ‘ + ‘ (D¢ |p1p2Ve 12q142®° >L2

=:Terms 1 =:Terms 2

For Terms 1, we note from an examination of its integral kernel that

(3.160) p1p2Ve 12q1p2 = p1p2V 141,

6This is the only place in this work where the H? regularity assumption is strictly needed.
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where we use the notation Vﬁl introduced in (3.31). Now writing 1 = 72~ '/27!/2, we find that

5

—1/2 o
(3.161) < lprpa(min) @z, VAR 0@z

)

1/2

12,
Terms 1 = pipa(rin) VO 1/2L]1‘I>E>

2
LEN

where the penultimate line follows from an application of Lemma 3.5 and the ultimate line follows from
Cauchy-Schwarz. Applying the operator norm identity ||p;|/z2_,z2 = 1 together with the estimate (3.157)
to the first factor in (3.161), we obtain that

(3.162) Terms,; < (Mﬁe + N—1/4) VAR~ 2q9% g .
Now since HVQ?IHL%N_,L%N < ||¢H%§o, we find that

(3.163) VAR 20007 g < [18l3 72008 |12 < 6]13 /B

where the ultimate equality follows from Lemma 3.4(i) and the trivial fact that n? = m. Using the
embedding ¢'/2 c ', we conclude that

(3.164) Terms; S |63 v/ (VB + N71) S llgl (8. + N712).

For Terms 5, we use, as in the proof of Proposition 3.8, the distributional identity (1.20) to write V 12 =
(V1Xc12), where X, 12 = %(VE «sgn)(X; — X3). Using Lemma 3.5, we find that

Terms o = (‘I)E!plpz(V1X5,12)Q1Q2CI)€>L3N‘

— <<I>€|P1p2(V1X5,12)ﬁﬁ_IQ1Q2(I)€>L§N‘

(3.165) = <(Tzn)p1p2<1>€((V1X5,12)6‘1q1q2¢5>

N
Liy

Now integrating by parts and then applying the product rule and triangle inequality, we obtain that

<(T2n)1011024>6‘(VlXa,12)ﬁ_1(11(12<1)€>L2 < <V1(T2n)p1p2‘1>6‘Xa,lzﬁ_1Q1Q2q’a>L2
ZN N
+ '<(Tzn)p1p2q’a‘Xa,lzvlﬁ_1Q1Q2‘I>E>L2
zy
(3.166) =: Terms 2 1 + Terms 2 2.
We first dispense with the easy case Terms 5 1. By Cauchy-Schwarz and using the operator norm estimates
1
(3.167) IVipillce iz < IVEllz  and ([ Xeazlliz wrz < 5
we obtain that
(3.168) Terms 2,1 < HV<Z5|’L3H(72”)‘I’€HL§NHﬁ_lqmzq’EHLgN-
By arguing similarly as for the estimates (3.156) and (3.157), we find that
— 1
154 < _ -
(3.169) IGa@lsz, v+
and by applying Lemma 3.4(ii), we have that
(3.170) R~ q1029% |2 < V-

Thus, we conclude that

1
(3.171) Terms 21 < |V L2 </Ba + N)‘
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For the hard case Terms 5 2, we first use Cauchy-Schwarz and (3.167) to obtain
Terms 99 < “(72\71)])1172(1)8“L§NHvlﬁ_lﬂhﬁhq)aHLéN
(3.172) S (VB A+ N7 V1 01020 1z,

where the second line follows from applying the estimate (3.169) to the first factor in the right-hand side
of the first line. For the remaining factor \|vlﬁ—1q1q2<1>€\|L%N, we write 1 = p; + ¢1 and use the triangle

inequality to obtain
(3.173) IVia™ 2@ 12 < llp1Vin ™ q1g2@%l|zz + la Vi~ q1q2®° | pz -

Since leleLgNﬁLgN <|[IV¢|2, it follows that

(3.174) I ViA 0 z < (99l 22 [ @z < [Vl v/,

where the ultimate inequality follows from applying Lemma 3.4(ii) and n? = m. Next, observe that by
Lemma 3.5, ¢ V10 'q1 = 1~ 'V1q1, which implies that

(3.175) ln Vi 2@z < A7 Vigge®® |z = \/<V1Q1<1>5|Q2ﬁ‘2V1Q1<1>5>L3N,

where the ultimate equality follows from the fact that go commutes with 772V1q; and ¢3 = go. By the
symmetry of ®¢ with respect to permutation of particle labels and the operator identity

R N
3.176 — n2< | —— )mn %<1
(3170 T e s (s

which follows from Remark 3.3, we see that

N
1
~—2 ~—2 2
(3.177) (V1q19°|gon V1Q1@€>L§N =~N_1 ; (V1q19°|gin V1Q1¢€>L§N S ”Vlqu’aHL;N-
Hence,
(3.178) lg Vi 2@z S Va1 ®®rz -

We therefore conclude from another application of Young’s inequality that
(3.179) Terms oz S [V6llzz (8 + N7 + (VB + N72) V1@l

Collecting the estimate (3.171) for Terms o1 and the estimate (3.179) for Terms 2 2, we find that

(3.180) Termss < [Vl (8- + N7') + (x/ﬂa N2 [V g

Together with the estimate (3.164) for Terms 1, we conclude that

(8181)  [Terms| S 6l (Be + N7Y2) 4 [ Vollpz (B + N7 + (VB + N7V2) V101 9%) 3 .
Estimate for Termg: We want to show that Termg < 0. We assume here that k = —1; otherwise, it is

trivial that Termg < 0 and we can take ko = 0. Integrating by parts and using Cauchy-Schwarz,

1/2
(3.182) Ivaisa - pp2) Ly < (IVa(1 = pip2) @Iz (11— p1p2)®°lrz
and by Young’s inequality for products,
(3.183)
(N —1) (N —1)2

_ € o 5 _ 112 . 112
o V1 =pip2) ¥l NI =p1p2) % lleg < milVa(L=pip2) 7+ = o (1= pap2) @17 -
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We choose k2 > 1/(2k1). Then,
(V-1
2N

N — 1)
< (Unal — 2 I - pp)ol3

Termg = IV - pip2)®|[1; = mlIVi(1 = pip2) @Il = ol (1= prpa) @7,

4N 2/4:1
(3.184) <0,
as desired.
Having estimated the terms Termy, ..., Termg, we can now complete the proof of the proposition. Com-

bining estimate (3.144) for Termy, (3.145) for Terms, (3.150) for Terms, (3.158) for Termy, and (3.181) for
Terms, we see that there exists an absolute constant C' > 0 such that

(3.185)
(1= k) [Vi(1 = pip2)@°l3y < (B = %)+ C (210120 + (VB + N7V2) [Vian @Iz )

+C (I8l + otz )N =12+ (192 + 1ol ) N )

+ OB (V013 + mal oy () + 9l + 1013 + V02 + Il ).

Note that by using Sobolev embedding, the interpolation property of H® norms, and the normalization
[¢[lz2 = 1, we can simplify the right-hand side of (3.185) to

(1—r1)[[V1(1 —plpz)@EH%%N < <E§’5 — E¢) + Ol 2 <N—1/2 +/Ba>

(S P191y 0 + (V4 N2) 191009z, )

for some larger absolute constant C' > 0. To close the proof of the lemma, we want to obtain a lower bound
for the left-hand side of (3.186) in terms ||[V1¢1®°||2, . To this end, we note that
zN

(3.186)

(3.187) 1—pip2 =p1+q —pip2 = p1g2 + ¢,
so that by the triangle inequality and the fact that g2 commutes with Vy,

(3.188) IVigi @iz < IVi(1 = pip2)®°flrz2 4 [IVip1g29712 -

Since ||V1p1||L%N_,L%N <|[[VéllL2, it follows that

(3.189) IVip1a2®°llz < IVollr2llga®®llrz < IVOllL2 v/ 5,
where the ultimate inequality follows from Remark 3.3 and a. < .. Therefore,

3||V1q1 9P 2
5190) 1Vt —pp)® e > (V10— 1Volav/E) = ot iy oz
. 1 p1p2 LiN_ 191 LiN L2 e = 1 L2Pe

where the ultimate inequality follows from application of Young’s inequality for products. Inserting the
preceding lower bound into the inequality (3.186) and rearranging, we find that

3 E¥ — E? C _
Vi@l < Z = (262 + (VB + NTV2) [Vian®®lpy )
(3.191) 4 zN 1— k1 1— k1 Cy IN
| Cligls ¢\ -
+ (N2 4+ B ) +15]Ve] 13, 8-

By Young’s inequality for products,

O £ _1/2 402 1 1 112
. - <= — -
(3192 I g, (VB N) £ s (k) + 1T

The desired conclusion now follows after some algebra. O
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3.4. Proof of Proposition 3.6. We now use the results of the previous subsections to send ¢ — 0" and
obtain an inequality for By, thereby proving Proposition 3.6.

Proof of Proposition 3.6. Applying Proposition 3.9 to factors ||V1‘J1<I>§VHL§N appearing in the right-hand

side of the inequality given by Proposition 3.8 and using the majorization ||¢[%;, < [|¢||s2 together with a
bit of algebra, we obtain the point-wise estimate

qu”%go (1+ ”CbHé;/z)”(ﬁHH% n L N ”‘ﬁ”%ﬁ n H¢||2go +N2(a;1)+5
\/N No N(1—-0)/2 N9/2

@5
(141181202 ) 19112 8v,e + (1+ 181202 ) (Exs = B + 2612, ).

We now optimize the choice of 6,0 € (0,1) by requiring that

S + 291122 +

(3.193)

1—-0

2 )
which, after some algebra, implies that (4,0) = (2/3,1/3). Inserting this choice of (4, o) into the right-hand
side of inequality (3.193) and using Sobolev embedding, the interpolation property of the H® norm, and
the higher conservation laws of the NLS, we obtain

(3.194) l—0c=60 and o=

: Ipoll32  llgoll? 5
(3195) e 5= A TR + ool e + 60l (BNY - B2+ €260l ).

Integrating both sides of the preceding inequality over the interval [0,¢] and applying the fundamental
theorem of calculus, we obtain that

t
8c(0) < Ba(0) + Clnllye [ dsbve(s)
(3.196) 0

H‘bo”%ﬂ ”¢OH§{1 9 5, & 1/2 9
O\ T TN +H¢0”H1<EN,5—E te H¢0HH1) ,

where C' > 0 is an absolute constant. So applying the Gronwall-Bellman inequality, specifically [51, Theorem
1.3.1], we find that

¢ol|7 ¢ol|7 :
3197) Bya(t) < (a0 + o (102 LI 1y (B35 — 52+ 210l ) ) ) o€

VN N1/3
We now send ¢ — 07 in both sides of inequality (3.197). By Lemma 3.7, we have that Sy .(t) — Bn(t)
uniformly on compact intervals of time. Recalling the definition of E?\)/\g, we see that
@5 k(N —1)
(3.198) ENY = [Vi®noll72@ny + —on (Pl Ve12280) 2 (@)
It is straightforward to show that V; 10®n o — Via®n in H='(RM) as ¢ — 0. Therefore,
(3.199) lim EyY = EY,
e—0t ’
which completes the proof of the proposition. O

4. PROOFS OF THEOREM 1.1 AND THEOREM 1.3

In this last section, we show how Proposition 3.6 implies Theorem 1.1 and Theorem 1.3. We first recall
two technical lemmas from [40].

Lemma 4.1 (|40, Lemma 2.1]). Let k € N, and let {9} . be a sequence of nonnegative, trace-class
Y 7=1
operators on Lgym(Rj), for j €{1,... k}, with unit trace and such that

(4.1) Trj U =400 vie{1,....k—1}.
Let ¢ € L*(R) satisfy |||z = 1. Then

= L (o) <41~ (o))
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Lemma 4.2 ([40, Lemma 2.3]). Let k € N, and let v*) be a nonnegative self-adjoint trace-class operator
on Lgym(Rk) with unit trace (i.e. a density matriz). Let ¢ € L*(R) with |||z = 1. Then

(4.3) 1_ <(p®k‘,y(k)¢®k> <Toy g ‘,Y(k) — | ®k <(‘0®k“ < \/8(1 — (ph|y (B BkY),

Theorem 1.1 is now an immediate consequence of Lemmas 4.1 and 4.2 together with Proposition 3.6 and
a little bookkeeping. Therefore, we omit the details. Now following the outline discussed in Section 1.4,
we upgrade Theorem 1.1 to an estimate whose right-hand side only requires the L?(R) norm of ¢, thereby
proving Theorem 1.3

Proof of Theorem 1.3. Fix nn > 0, and suppose that ®no = (Pg(logN)’7¢0)®N/Hpg(logN)n¢0“g2(ﬂg)- Let
p:[1,00] = [0,00) be a rate function such that p(r) — 0o as r — co. We will choose p momentarily. Let

¢n be the NLS solution with initial datum ¢ as in (1.24). By the aforementioned boundedness of HF
norms for the 1D cubic NLS and Plancherel’s theorem,

P<pnyoll 2 (w)

(4.4) lon Lo s mxr) S o0l s @) Ss p(N) 1Pepiovy G0l 2 = p(IN)*.
So applying Theorem 1.1 with ¢ replaced by ¢n, we find that

sup T oy (5) = 1084 (6341 9)
(45) <_ ( 1/2 1/2 1 p(IV) i) én(1/2 Cp(N)*t

<k <ﬁN(<I>N,0,¢N,0) +t p(N)<N1/6 + Nt + |Ey — E®N| ))e p .
Now,

Ef,N _ pon _ HVP<(1ogN)’7¢0!2L2(R) B ||VP<P(N)¢0!%2(]R)
(4.6) HPS(logN)"¢0|’L2(R) ”ng(N)CbOHLz(R)
LB ((N - 1)HP§(logN)"¢0”%4(R) B ”ng(N)tﬁoHiéx(R))‘
2 N||P<(og nyroll 72 m) 1P<ovy@oll 72 )

To cancel the kinetic energy, we choose p(N) = (log N)", which also implies that Sy (®n0,¢n0) = 0.
Moreover, Bernstein’s lemma implies

log N)"
(47) mg - o 5 BN
provided N is sufficiently large. After some algebra, we see that the right-hand side of inequality (4.5) is <
2 3n/2 1/2 Ct(log N)*1
(4.8) ¢1/? <(10g N7 | (log N)2 | (log N)*/ )eCt(logN)‘“’ <t /2(log N )1eCtlog N) |
N1/6 N1/4 N1/2 S NI/G

If 0 <n < 1/4, then (Inz)* < Inx as * — oo. Since Inx < x as x — oo, it follows that the expression
(4.8) tends to zero as N — oo, locally uniformly in t.
Next, we use Proposition 2.4 to obtain that
C¢l/2 & 2 +|¢ 2
(49) I3 = Sl raqsaxm S llomo — dolzaye” oo 0w,
for some absolute constant C' > 0. Applying the growth bound (2.13) to each of the Strichartz norms in
the exponent, we find that

145/2 145/2
(4.10) N — Bllzee 2 tx®) S 080 — Poll 2@ e S I1Psgog Mol L2)e” ™
where C' > C'. By using Holder’s inequality and the estimate (4.10), we obtain that
145/2
(4.11) tsgpqﬁl 6n) (En ] (5) = 16) (8] ()] S 1P 1og wyn ol L2@ye”

which evidently tends to zero as N — oo. Lemma 4.1 and Lemma 4.2 then yield an estimate for the
analogous k-particle density matrices.
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Finally, we conclude the proof of Theorem 1.3 by applying the triangle inequality as in (1.25) and then
using the bounds (4.8) and (4.11) for the first and second terms on the right-hand side, respectively. O

REFERENCES

[1] R. Apawmi, C. BArDos, F. GoLsSE, AND A. TETA, Towards a rigorous derivation of the cubic NLSE in dimension one,
Asymptotic Analysis, 40 (2004), pp. 93-108.

[2] R. Apawmi, F. GoLSE, AND A. TETA, Rigorous derivation of the cubic NLS in dimension one, Journal of Statistical
Physics, 127 (2007), pp. 1193-1220.

[3] Z. AMMARI AND S. BRETEAUX, Propagation of chaos for many-boson systems in one dimension with a point pair-
interaction, Asymptot. Anal., 76 (2012), pp. 123-170.

[4] C. Barpos, F. GoLsE, AND N. J. MAUSER, Weak coupling limit of the N-particle Schrodinger equation, vol. 7, 2000,
pp- 275-293. Cathleen Morawetz: a great mathematician.

[6] H. BETHE, Zur theorie der metalle, Zeitschrift fiir Physik, 71 (1931), pp. 205-226.

[6] L. BossMANN, Derivation of the 1d nonlinear Schrédinger equation from the 3d quantum many-body dynamics of strongly
confined bosons, J. Math. Phys., 60 (2019), pp. 031902, 30.

[7] L. BossmanN, N. Paviovi¢, P. PickL, AND A. SOFFER, Higher order corrections to the mean-field description of the
dynamics of interacting Bosons, J. Stat. Phys., 178 (2020), pp. 1362-1396.

[8] L. BossMANN AND S. TEUFEL, Derivation of the 1d Gross-Pitaevskii equation from the 3d quantum many-body dynamics
of strongly confined bosons, Ann. Henri Poincaré, 20 (2019), pp. 1003-1049.

[9] T. Cuen, C. HainzL, N. Paviovi¢, AND R. SEIRINGER, Unconditional uniqueness for the cubic Gross-Pitaevskii
hierarchy via quantum de Finetti, Comm. Pure Appl. Math., 68 (2015), pp. 1845-1884.

[10] T. CHEN AND N. Pavrovi¢, Derivation of the cubic NLS and Gross-Pitaevskii hierarchy from manybody dynamics in
d = 3 based on spacetime norms, Ann. Henri Poincaré, 15 (2014), pp. 543-588.

[11] X. CHEN AND J. HOLMER, Focusing quantum many-body dynamics: the rigorous derivation of the 1D focusing cubic
nonlinear Schridinger equation, Arch. Ration. Mech. Anal., 221 (2016), pp. 631-676.

[12] ——, The derivation of the T® energy-critical NLS from quantum many-body dynamics, Invent. Math., 217 (2019),
pp. 433-547.

[13] J. J. W. CHONG, Dynamics of large boson systems with attractive interaction and a derivation of the cubic focusing nls
in R3, arXiv preprint arXiv:1608.01615, (2016).

[14] S. DETTMER, D. HELLWEG, P. RyyTTY, J. J. ARLT, W. ERTMER, K. SENGSTOCK, D. S. PETROV, G. V. SHLYAP-
NIKOV, H. KREUTZMANN, L. SANTOS, AND M. LEWENSTEIN, Observation of Phase Fluctuations in Elongated Bose-
Einstein Condensates, Phys. Rev. Lett., 87 (2001), p. 160406.

[15] D.S. PETrROV, D.M. GANGARDT, AND G.V. SHLYAPNIKOV, Low-dimensional trapped gases, J. Phys. IV France, 116
(2004), pp. 5-44.

[16] V. DunJko, V. LORENT, AND M. OLSHANII, Bosons in Cigar-Shaped Traps: Thomas-Fermi Regime, Tonks-Girardeau
Regime, and In Between, Phys. Rev. Lett., 86 (2001), pp. 5413-5416.

[17] L. ErDOs, B. ScHLEIN, AND H.-T. YAU, Derivation of the Gross-Pitaevskii hierarchy for the dynamics of Bose-Einstein
condensate, Comm. Pure Appl. Math., 59 (2006), pp. 1659-1741.

[18] ——, Derivation of the cubic non-linear Schrodinger equation from quantum dynamics of many-body systems, Invent.
Math., 167 (2007), pp. 515-614.

[19] ——, Rigorous derivation of the Gross-Pitaevskii equation with a large interaction potential, J. Amer. Math. Soc., 22
(2009), pp. 1099-1156.

[20] ——, Derivation of the Gross-Pitaevskii equation for the dynamics of Bose-Einstein condensate, Ann. of Math. (2), 172
(2010), pp. 291-370.

[21] L. ErDOs aAND H.-T. Yau, Derivation of the nonlinear Schrodinger equation from a many body Coulomb system, Adv.
Theor. Math. Phys., 5 (2001), pp. 1169-1205.

[22] J. EsTEVE, J. B. TREBBIA, T. ScHUMM, A. AsPECT, C. I. WESTBROOK, AND I. BOUCHOULE, Observations of Density
Fluctuations in an Elongated Bose Gas: Ideal Gas and Quasicondensate Regimes, Phys. Rev. Lett., 96 (2006), p. 130403.

[23] L. D. FADDEEV AND L. A. TAKHTAJAN, Hamiltonian methods in the theory of solitons, Classics in Mathematics, Springer,
Berlin, english ed., 2007.

[24] J. FrouuicH, T.-P. Tsal, aAND H.-T. YAu, On a classical limit of quantum theory and the non-linear Hartree equation,
no. Special Volume, Part I, 2000, pp. 57-78. GAFA 2000 (Tel Aviv, 1999).

[25] M. GAUDIN, The Bethe wavefunction, Cambridge University Press, New York, 2014. Translated from the 1983 French
original by Jean-Sébastien Caux.

[26] J. GINIBRE AND G. VELO, The classical field limit of scattering theory for nonrelativistic many-boson systems. I, Comm.
Math. Phys., 66 (1979), pp. 37-76.

[27] J. GINIBRE AND G. VELO, The classical field limit of scattering theory for nonrelativistic many-boson systems. II, Comm.
Math. Phys., 68 (1979), pp. 45-68.

[28] M. GRILLAKIS AND M. MACHEDON, Pair excitations and the mean field approzimation of interacting bosons, I, Comm.
Math. Phys., 324 (2013), pp. 601-636.



[29]
[30]
31]
32]

[33]
[34]

[35]
[36]
37]
[38]
[39]
[40]
[41]
[42]
[43]
[44]
[45]
[46]
[47]
[48]
[49]
[50]
[51]
[52]
[53]

[54]
[55]

[56]
[57]
[58]

[59]
[60]

THE MEAN-FIELD LIMIT OF THE LIEB-LINIGER MODEL 31

——, Pair excitations and the mean field approximation of interacting bosons, II, Comm. Partial Differential Equations,
42 (2017), pp. 24-67.

M. GRILLAKIS, M. MACHEDON, AND D. MARGETIS, Second-order corrections to mean field evolution of weakly interacting
bosons. II, Adv. Math., 228 (2011), pp. 1788-1815.

M. G. GRILLAKIS, M. MACHEDON, AND D. MARGETIS, Second-order corrections to mean field evolution of weakly
interacting bosons. I, Comm. Math. Phys., 294 (2010), pp. 273-301.

B. HARROP-GRIFFITHS, R. KiLLIP, AND M. VISAN, Sharp well-posedness for the cubic NLS and mKdV in H*(R), arXiv
preprint arXiv:2003.05011, (2020).

K. Hepp, The classical limit for quantum mechanical correlation functions, Comm. Math. Phys., 35 (1974), pp. 265-277.
A. D. JacksoN AND G. M. KavouLaxkis, Lieb Mode in a Quasi-One-Dimensional Bose-FEinstein Condensate of Atoms,
Phys. Rev. Lett., 89 (2002), p. 070403.

M. JEBLICK, N. LEOPOLD, AND P. PICKL, Derivation of the time dependent Gross-Pitaevskii equation in two dimensions,
Comm. Math. Phys., 372 (2019), pp. 1-69.

M. JeBLICK AND P. PicKL, Derivation of the time dependent two dimensional focusing NLS equation, J. Stat. Phys.,
172 (2018), pp. 1398-1426.

R. KitLip, M. VisaN, AND X. ZHANG, Low reqularity conservation laws for integrable PDE, Geom. Funct. Anal., 28
(2018), pp. 1062-1090.

K. KIRKPATRICK, B. SCHLEIN, AND G. STAFFILANI, Derivation of the two-dimensional nonlinear Schrédinger equation
from many body quantum dynamics, Amer. J. Math., 133 (2011), pp. 91-130.

S. KLAINERMAN AND M. MACHEDON, On the uniqueness of solutions to the Gross-Pitaevskii hierarchy, Comm. Math.
Phys., 279 (2008), pp. 169-185.

A. KNOWLES AND P. PicKL, Mean-field dynamics: singular potentials and rate of convergence, Comm. Math. Phys., 298
(2010), pp. 101-138.

H. KocH AND D. Tataru, Conserved energies for the cubic nonlinear Schrédinger equation in one dimension, Duke
Math. J., 167 (2018), pp. 3207-3313.

E. H. LiEB, Ezact analysis of an interacting Bose gas. II. The excitation spectrum, Phys. Rev. (2), 130 (1963), pp. 1616—
1624.

E. H. LiIEB AND W. LINIGER, Fzact analysis of an interacting Bose gas. 1. The general solution and the ground state,
Phys. Rev. (2), 130 (1963), pp. 1605-1616.

E. H. LiEB, R. SEIRINGER, AND J. YNGVASON, One-Dimensional Bosons in Three-Dimensional Traps, Phys. Rev. Lett.,
91 (2003), p. 150401.

E. H. LieB, R. SEIRINGER, AND J. YNGVASON, One-dimensional behavior of dilute, trapped Bose gases, Comm. Math.
Phys., 244 (2004), pp. 347-393.

D. MENDELSON, A. R. NauMoD, N. PavLovi¢, M. ROSENZWEIG, AND G. STAFFILANI, Poisson commuting energies
for a system of infinitely many bosons, arXiv preprint arXiv:1910.06959, (2019).

D. MITROUSKAS, Derivation of mean field equations and their next-order corrections: bosons and fermions, PhD thesis,
LMU Miinchen, 2017.

P. T. Nam aAnND M. NaAPIORKOWSKI, Norm approximation for many-body quantum dynamics: focusing case in low
dimensions, Adv. Math., 350 (2019), pp. 547-587.

M. OLsHANII, Atomic Scattering in the Presence of an External Confinement and a Gas of Impenetrable Bosons,
Phys. Rev. Lett., 81 (1998), pp. 938-941.

M. OLsHANII AND V. DUNJKO, Short-Distance Correlation Properties of the Lieb-Liniger System and Momentum Dis-
tributions of Trapped One-Dimensional Atomic Gases, Phys. Rev. Lett., 91 (2003), p. 090401.

B. G. PACHPATTE, Inequalities for differential and integral equations, vol. 197 of Mathematics in Science and Engineering,
Academic Press, Inc., San Diego, CA, 1998.

D. S. PETROV, G. V. SHLYAPNIKOV, AND J. T. M. WALRAVEN, Regimes of Quantum Degeneracy in Trapped 1D Gases,
Phys. Rev. Lett., 85 (2000), pp. 3745-3749.

P. PickL, Derivation of the time dependent Gross-Pitaevskii equation without positivity condition on the interaction, J.
Stat. Phys., 140 (2010), pp. 76-89.

—, A simple derivation of mean field limits for quantum systems, Lett. Math. Phys., 97 (2011), pp. 151-164.

———, Derivation of the time dependent Gross-Pitaevskii equation with external fields, Rev. Math. Phys., 27 (2015),
pp. 1550003, 45.

M. REED AND B. SiMoON, Methods of modern mathematical physics. II. Fourier analysis, self-adjointness, Academic Press
[Harcourt Brace Jovanovich, Publishers|, New York-London, 1975.

S. RicHARD, F. GERBIER, J. H. THYWISSEN, M. HuGBART, P. BOUYER, AND A. ASPECT, Momentum Spectroscopy
of 1D Phase Fluctuations in Bose-FEinstein Condensates, Phys. Rev. Lett., 91 (2003), p. 010405.

I. RODNIANSKI AND B. SCHLEIN, Quantum Fluctuations and Rate of Convergence Towards Mean Field Dynamics, Com-
mun. Math. Phys., 291 (2009), pp. 31-61.

M. ROSENZWEIG, Mean-field convergence of point vortices without regularity, arXiv preprint arXiv:2004.04140, (2020).
———, Mean-field convergence of systems of particles with Coulomb interactions in higher dimensions without reqularity,
In preparation, (2020).



32

M. ROSENZWEIG

[61] N. ROUGERIE, Scaling limits of bosonic ground states, from many-body to nonlinear Schrédinger, arXiv preprint

arXiv:2002.02678, (2020).

[62] B. ScHLEIN, Derivation of effective evolution equations from microscopic quantum dynamics, in Evol. equations, vol. 17

of Clay Math. Proc., Amer. Math. Soc., Providence, RI, 2013, pp. 511-572.

[63] R. SEIRINGER AND J. YIN, The Lieb-Liniger model as a limit of dilute bosons in three dimensions, Comm. Math. Phys.,

284 (2008), pp. 459-479.

[64] V. SOHINGER, A rigorous derivation of the defocusing cubic nonlinear Schrodinger equation on T? from the dynamics of

many-body quantum systems, Ann. Inst. H. Poincaré Anal. Non Linéaire, 32 (2015), pp. 1337-1365.

[65] H. SpouN, Kinetic equations from Hamiltonian dynamics: Markovian limits, Rev. Mod. Phys., 52 (1980), pp. 569-615.
[66] T. Tao, Nonlinear dispersive equations, vol. 106 of CBMS Regional Conference Series in Mathematics, Published for the

Conference Board of the Mathematical Sciences, Washington, DC; by the American Mathematical Society, Providence,
RI, 2006. Local and global analysis.

[67] B. L. ToLrA, K. M. O’HARA, J. H. Huckans, W. D. PHILLIPS, S. L. RoLsTON, AND J. V. Porro, Observation of

Reduced Three-Body Recombination in a Correlated 1D Degenerate Bose Gas, Phys. Rev. Lett., 92 (2004), p. 190401.

[68] V. E. ZAKHAROV AND A. B. SHABAT, Ezact theory of two-dimensional self-focusing and one-dimensional self-modulation

of waves in nonlinear media, Z. Eksper. Teoret. Fiz., 61 (1971), pp. 118-134.

MASSACHUSETTS INSTITUTE OF TECHNOLOGY, DEPARTMENT OF MATHEMATICS, HEADQUARTERS OFFICE, SIMONS BUILD-

ING (BuiLping 2), Room 106, 77 MASSACHUSETTS AVENUE, CAMBRIDGE, MA 02139-4307

Email address: mrosenzw@mit.edu



	1. Introduction
	1.1. Background
	1.2. Prior results
	1.3. Overview of main results
	1.4. Road map of the proof
	1.5. Organization of the paper
	1.6. Acknowledgments

	2. Preliminaries
	2.1. Function spaces
	2.2. The 1D cubic NLS

	3. The counting functional N
	3.1. Projectors
	3.2. Estimate for N
	3.3. Auxiliary control
	3.4. Proof of prop:betaevol

	4. Proofs of thm:mainH and thm:mainL
	References

